Propositional and Predicate Logic - VI

Petr Gregor
KTIML MFF UK

WS 2014/2015

Petr Gregor (KTIML MFF UK) Propositional and Predicate Logic - VIII



Basic semantics of predicate logic Substructure, expansion, reduct

Validity in a substructure
Let B be a substructure of a structure A for a (fixed) language L.
Proposition For every open formula o and assignment e: Var — B,
A E ple] ifandonlyif B = ¢le].
Proof For atomic ¢ it follows from the definition of the truth value with respect

to an assignment. Otherwise by induction on the structure of the formula. [

Corollary For every open formula ¢ and structure A,
AE ¢ ifandonlyif B |= ¢ for every substructure B C A.

@ Atheory T is openif all axioms of T are open.

Corollary Every substructure of a model of an open theory T is a model of T.

For example, every substructure of a graph, i.e. a model of theory of graphs,
is a graph, called a subgraph. Similarly subgroups, Boolean subalgebras, etc.
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Substructure, expansion, reduct
Theorem on constants

Theorem Let p be a formula in a language L with free variables xi, . .., x,
and let T be a theory in L. Let L' be the extension of L with new constant
symbols ¢y, ..., c, and let T' denote the theory T in L'. Then

Tk e ifandonlyif T = p(xi/ci,...,Xn/Cn)-
Proof (=) If A" is a model of T’, let A be the reduct of A’ to L. Since
A |= ¢le] for every assignment e, we have in particular
Al ple(xi/cl, .. x, /Y], e A o(xi/c,... Xn/cn).
(<) If Ais a model of T and e an assignment, let A’ be the expansion of A

into L’ by setting ¢/ = e(x;) for every i. Since A’ = o(x1/c1, ..., xn/cn)l€]
for every assignment ¢, we have

A glela/d ... xa/c)], e AEgld. O
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Basic semantics of predicate logic Boolean algebras

Boolean algebras

The theory of Boolean algebras has the language L = (—, A, V, 0, 1) with
equality and the following axioms.

XA(YANzZ)=(xANYy)Az (asociativity of A)
xV(yvz)=(xVy)Vz (asociativity of V)
XAYy=YyAX (commutativity of A)
XVy=yVvx (commutativity of V)
XA(yVz)=(xAy)V(xAz) (distributivity of A over V)
V(yAz)= (x VY)A(xVz) (distributivity of Vv over A)
AN(xVy) = XV(xANy) =x (absorption)
V(=x)=1, xA(-x)=0 (complementation)
0 7é 1 (non-triviality)

The smallest model is 2 = (2, —1, A1, V1,0, 1). Finite Boolean algebras are
(up to isomorphism) exactly "2 = ("2, —,, An, Vi, Op, 1,,) for n € N*, where
the operations (on binary n-tuples) are the coordinate-wise operations of 2.
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Relations of propositional and predicate logic

@ Propositional formulas over connectives —, A, V (eventually with T, 1)
can be viewed as Boolean terms. Then the truth value of ¢ in a given
assignment is the value of the term in the Boolean algebra 2.

@ Lindenbaum-Tarski algebra over P is Boolean algebra (also for P infinite).

@ If we represent atomic subformulas in an open formula ¢ (without
equality) with propositional letters, we obtain a proposition that is valid
if and only if ¢ is valid.

@ Propositional logic can be introduced as a fragment of predicate logic
using nullary relation symbols (syntax) and nullary relations (semantics)
since A’ = {)} =1,s0 R* C Aiseither R* =0 =0o0r R* = {0} = 1.
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Tableau method in propositional logic - a review

@ Atableau is a binary tree that represents a search for a counterexample.

@ Nodes are labeled by entries, i.e. formulas with a sign T / F that
represents an assumption that the formula is true / false in some model.

@ If this assumption is correct, then it is correct also for all the entries in
some branch below that came from this entry.

@ A branch is contradictory (it fails) if it contains T+, Fi for some 1.

@ A proof of formula ¢ is a contradictory tableau with root Fy, i.e. a tableau
in which every branch is contradictory. If o has a proof, it is valid.

@ If a counterexample exists, there will be a branch in a finished tableau
that provides us with this counterexample, but this branch can be infinite.

@ We can construct a systematic tableau that is always finished.

@ If p is valid, the systematic tableau for ¢ is contradictory, i.e. it is a proof
of p; and in this case, it is also finite.
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Tableau method in propositional logic - examples

F(((p—q) —p) —p) F((=qVp)—p)
\ \
T((p—q) = p) T(—qVp)
\ \
Fp Fp
PN PN
Fp—q) Tp T(—q) Tp
\ \ \ \
Tp ® Fq ®
\
Fq
\
®

a) A tableau proof of the formula ((p — q) — p) — p.

b) A finished tableau for (—q V p) — p. The left branch provides us with
a counterexample v(p) = v(q) = 0.
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Tableau method in predicate logic - what is different

@ Formulas in entries will always be sentences (closed formulas), i.e.
formulas without free variables.

@ We add new atomic tableaux for quantifiers.

@ In these tableaux we substitute ground terms for quantified variables
following certain rules.

@ We extend the language by new (auxiliary) constant symbols (countably
many) to represent “witnesses” of entries T'(3x)p(x) and F(Vx)p(x).

@ In a finished branch containing an entry T(Vx)p(x) or F(3x)¢(x) we
have instances Ty(x/t) resp. Fo(x/t) for every ground term t (of the
extended language).
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Assumptions

1) The formula ¢ that we want to prove (or refute) is a sentence. If not, we
can replace ¢ with its universal closure ¢’, since for every theory T,

TEe ifandonlyif T .
2) We prove from a theory in a closed form, i.e. every axiom is a sentence.

By replacing every axiom ¢ with its universal closure ¢’ we obtain an
equivalent theory since for every structure A (of the given language L),

AE ifandonlyif AR
3) The language L is at most countable. Then every theory of L is at most
countable. We denote by L the extension of L by new constant symbols

¢, C1,- .. (countably many). Then there are countable many ground terms
of L¢. Let t; denote the i-th ground term (in some fixed enumeration).

4) First, we assume that the language is without equality.
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Tableaux in predicated logic - examples

F(Bz)=P(z) = ~(Vr)P(x))
T(Em)ﬂ‘P(:p)
F(ﬂ(VJﬂ)P(ﬂf))

T(Vz)P(z)

T(=P(c)) ¢ new

F(=(Vz)P(x) — (3z)-P(x))

T(ﬁ(Vl)P(w))

F(Elz)—‘\P(m)

F(Vaz‘)P(z)
FP)

\
F(3z)-P(x)

d new
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Atomic tableaux - original

An atomic tableau is one of the following trees (labeled by entries), where
« is any atomic sentence and ¢, ¢ are any sentences, all of language Lc.

T(p A1) F(p V)
\ \
Ta Fa Ty FloNy) T(p V) Fo
\ SN | N |
Ty Fy Fy | Ty T4 Fy
Flo—=v) | Tlp+ ) Flp <)
| SN | N
T (=) F(=p) T(p— ) T Ty Fo | Ty Fo
| \ VRN | \ | \
Fy Ty Fy e Fy Te Fy | Fy Tep
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Atomic tableaux - new

Atomic tableaux are also the following trees (labeled by entries), where ¢ is

any formula of the language L¢ with a free variable x, t is any ground term
of L¢ and cis a new constant symbol from L¢ \ L.

i * * i
T(Ve)p(r) | F(Vx)e(x) | TEz)e(x) | FEr)e(r)
| | | |

Te(/t) | FPelwf) | Telwf) | Fola/t)

for any ground| for a new for a new for any ground|

term ¢ of Lo constant ¢ constant ¢ | term ¢t of Lo

Remark The constant symbol c represents a “witness” of the entry T(3x)y(x)
or F(¥x)p(x). Since we need that no prior demands are put on c, we specify
(in the definition of a tableau) which constant symbols ¢ may be used.
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Tableau method in predicate logic Tableau

A finite tableau from a theory T is a binary tree labeled with entries described

(i) every atomic tableau is a finite tableau from T, whereas in case (x)
we may use any constant symbol c € L¢ \ L,

(i7) if Pis an entry on a branch V in a finite tableau from T, then by
adjoining the atomic tableau for P at the end of branch V we obtain
(again) a finite tableau from T, whereas in case (x) we may use only
a constant symbol ¢ € L¢ \ L that does not appear on V,

(ii7) if V is a branch in a finite tableau from T and ¢ € T, then by adjoining
Ty at the end of branch V we obtain (again) a finite tableau from T.

(iv) every finite tableau from T is formed by finitely many steps (i), (i), (iii).

A tableau from T is a sequence 1y, 1, ..., 7y, ... Of finite tableaux from T
such that 7,4, is formed from 7,, by (ii) or (iii), formally 7 = Ur,.
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F((32)=P(z) — —~(Vz)P(z))

\
T(3z)-P(z)

\
F(=(Va) P(x))

F(=(vx)P(x))

\
T(Vz)P(z)

T(32)-P(z)
\

T(=P(c)) ¢ new

Petr Gregor (KTIML MFF UK)

T(=P(c))
\
FP(c)
[
T(Va)P(x)
| choose
TP(c) t=c
\
®

Construction of tableaux

F(=(Vz)P(z) = (Jz)~P(x))
\
T(=(Vz)P(x))

\
F(32)-P()

| choose
F(=P(d) t=d

F(=P(d))

\
TP(d)

\
®
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Tableau method in predicate logic Tableau

Convention

F((@z)=P(z) = =(vVz)P(z))

\
T(3z)-P(x)
|
F(=(v2)P(z))
\
T(Vz)P(z)
\

T(=P(c)) ¢ nové

FP(c)
\

F(=(vVe)P(z) = (3)-P(r))
T(=(vz)P(r))

F(3z)-P(x)
\
F(Vx)P(x)
\
FP(d) d nové

T(Vz)P(z)

|
TP(c)

F(3z)-P(x)

|
F(=P(d))

&

\
TP(d)

®

We will not write the entry that is expanded again on the branch, except in
cases when the entry is in the form of T'(Vx)(x) or F(3x)o(x).
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Tableau proofs
@ Abranch Vin a tableau 7 is contradictory if it contains entries T and Fp
for some sentence ¢, otherwise V' is noncontradictory.
@ Atableau 7 is contradictory if every branch in 7 is contradictory.

@ A tableau proof (proof by tableau) of a sentence ¢ from a theory T is
a contradictory tableau from T with Fp in the root.

@ A sentence ¢ is (tableau) provable from T, denoted by T I ¢, if it has
a tableau proof from T.

@ A refutation of a sentence ¢ by tableau from a theory T is a contradictory
tableau from T with the root entry T'p.

@ A sentence ¢ is (tableau) refutable from T if it has a refutation by tableau
from T,ie. T+ —p.
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Tableau method in predicate logic

Examples
F((va)(P(x) = Q(x)) = (V) P(z) — (Vo)Q(x)) F((va)(p(x) A (@) < ((Yo)p(z) A (Yo)i ()
T(va)(P(z) = Q) T((Vz)(p(z) A ¥(2))) F((Vz)(p(z) A v(x)))
\ \ \
F((V2)P(x) = (V2)Q(x)) F((Vz)p(z) A (V2)i(e)) T((Va)p(x) A (V2)(2))
\ — T~ \
T(Vz)P(z) F(va)e(x) F(va)y(x) T(Vx)p(x)
\ \ \ \
F(V2)Q(z) Fe(e) ¢ nova Fip(d) d novd T(Va)(z)

\ \ \ \
FQO) cnovi  T((¥)(p(x) Av(@)  T(a)(e() Av(@))  Flo(e) Au(e)) e novi

\ \ e N
T(Vz)P(x) T(p(c) Np(e)) T(p(d) A(d)) Fele) Fi(e)
\ \ \ \ \
TP(c) Ti(c) Tip(d) T(Vo)p(r)  T(Va)p(x)
\ \ \ \ \
T(Va)(P(x) = Q(z)) T c) Ty(d) Te(e) T(e)
\ \ \ \ \
T(P(c) = Q(c)) ® ® ® ®
/ \
FP(c) TQ(c)
\ \
® ®
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Finished tableaux

A finished noncontradictory branch should provide us with a counterexample.
An occurrence of an entry P in a node v of a tableau 7 is i-th if v has exactly
i — 1 predecessors labeled by P; and is reduced on a branch V through v if
a) Pis neither in form of T(Vx)p(x) nor F(3x)¢(x) and P occurs on V as a
root of an atomic tableau, i.e. it was already expanded on V, or
b) Pisinform of T(Vx)y(x) or F(3x)e(x), P has an (i + 1)-th occurrence
on V, and V contains an entry T'p(x/t;) resp. Fp(x/t;) where t; is the
i-th ground term (of the language L¢).

Let V be a branch in a tableau 7 from a theory T. We say that

@ V is finished if it is contradictory, or every occurrence of an entry on V' is
reduced on V and, moreover, V contains T¢ for every p € T,

@ 7 is finished if every branch in 7 is finished.
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Tableau method in predicate logic Systematic tableau

Systematic tableaux - construction
Let Rbe anentry and T = {0, ¢1,. .. } be a (possibly infinite) theory.

(1) We take the atomic tableau for R as 7. In case (x) we choose any
ce€ Lc\ L, in case (f) we take ; for ¢. Till possible, proceed as follows.

(2) Let v be the leftmost node in the smallest level as possible in tableau 7,
containing an occurrence of an entry P that is not reduced on some
noncontradictory branch through v. (If v does not exist, we take 7, = 7,,.)

(3a) If Pis neither T(Vx)p(x) nor F(3x)p(x), let 7;, be the tableau obtained
from 7, by adjoining the atomic tableau for P to every noncontradictory
branch through v. In case (x) we choose c; for the smallest possible i.

(3b) If Pis T(Vx)p(x) or F(3x)¢(x) and it has i-th occurrence in v, let 7, be
the tableau obtained from 7, by adjoining atomic tableau for P to every
noncontradictory branch through v, where we take the term ¢; for t.

(4) Let 7,41 be the tableau obtained from ;, by adjoining Ty, to every
noncontradictory branch that does not contain Ty, yet. (If ¢, does not
exist, we take 7,41 = 77,.)

The systematic tableau for R from T is the result = = Ur, of this construction.
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