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Tableau method in propositional logic - a review

@ Atableau is a binary tree that represents a search for a counterexample.

@ Nodes are labeled by entries, i.e. formulas with a sign T / F that
represents an assumption that the formula is true / false in some model.

@ If this assumption is correct, then it is correct also for all the entries in
some branch below that came from this entry.

@ A branch is contradictory (it fails) if it contains T+, Fi for some 1.

@ A proof of formula ¢ is a contradictory tableau with root Fy, i.e. a tableau
in which every branch is contradictory. If o has a proof, it is valid.

@ If a counterexample exists, there will be a branch in a finished tableau
that provides us with this counterexample, but this branch can be infinite.

@ We can construct a systematic tableau that is always finished.

@ If p is valid, the systematic tableau for ¢ is contradictory, i.e. it is a proof
of p; and in this case, it is also finite.
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Tableau method in propositional logic - examples

F(((p—q) —p) —p) F((=qVp)—p)
\ \
T((p—q) = p) T(—qVp)
\ \
Fp Fp
PN PN
Fp—q) Tp T(—q) Tp
\ \ \ \
Tp ® Fq ®
\
Fq
\
®

a) A tableau proof of the formula ((p — q) — p) — p.

b) A finished tableau for (—q V p) — p. The left branch provides us with
a counterexample v(p) = v(q) = 0.
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Tableau method in predicate logic - what is different

@ Formulas in entries will always be sentences (closed formulas), i.e.
formulas without free variables.

@ We add new atomic tableaux for quantifiers.

@ In these tableaux we substitute ground terms for quantified variables
following certain rules.

@ We extend the language by new (auxiliary) constant symbols (countably
many) to represent “witnesses” of entries T'(3x)p(x) and F(Vx)p(x).

@ In a finished noncontradictory branch containing an entry T'(Vx)e(x) or
F(3x)p(x) we have instances Typ(x/t) resp. Fo(x/t) for every ground
term ¢ (of the extended language).
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Assumptions

1) The formula ¢ that we want to prove (or refute) is a sentence. If not, we
can replace ¢ with its universal closure ¢’, since for every theory T,

TEe ifandonlyif T .

2) We prove from a theory in a closed form, i.e. every axiom is a sentence.

By replacing every axiom ¢ with its universal closure ¢’ we obtain an
equivalent theory since for every structure A (of the given language L),

AE ifandonlyif AR
3) The language L is countable. Then every theory of L is countable.
We denote by L. the extension of L by new constant symbols ¢, ci, . ..

(countably many). Then there are countably many ground terms of L.
Let t; denote the i-th ground term (in some fixed enumeration).

4) First, we assume that the language is without equality.
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Tableaux in predicate logic - examples

F((3r)-P(x) = =(Vz) P(z))
T(Elm)lP(:p)
F(ﬂ(V:‘v)P(f))

T(Va)P(z)

T(=P(c)) ¢ new

F(=(Vz)P(x) — (3z)-P(x))

T(ﬁ(Vl)P(w))

F(Elz)—‘\P(m)

F(Vaz‘)P(z)
FP)

\
F(3z)-P(x)

d new
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Tableau method in predicate logic Tableau

Atomic tableaux - previous

An atomic tableau is one of the following trees (labeled by entries), where
« is any atomic sentence and ¢, ¢ are any sentences, all of language Lc.
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Atomic tableaux - new

Atomic tableaux are also the following trees (labeled by entries), where ¢ is

any formula of the language L¢ with a free variable x, t is any ground term
of L¢ and cis a new constant symbol from L¢ \ L.

i * * i
T(Ve)p(r) | F(Vx)e(x) | TEz)e(x) | FEr)e(r)
| | | |

Te(/t) | FPelwf) | Telwf) | Fola/t)

for any ground| for a new for a new for any ground|

term ¢ of Lo constant ¢ constant ¢ | term ¢t of Lo

Remark The constant symbol c represents a “witness” of the entry T(3x)y(x)
or F(¥x)p(x). Since we need that no prior demands are put on c, we specify
(in the definition of a tableau) which constant symbols ¢ may be used.
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Tableau method in predicate logic Tableau

A finite tableau from a theory T is a binary tree labeled with entries described

(i) every atomic tableau is a finite tableau from T, whereas in case (x)
we may use any constant symbol c € L¢ \ L,

(i7) if Pis an entry on a branch V in a finite tableau from T, then by
adjoining the atomic tableau for P at the end of branch V we obtain
(again) a finite tableau from T, whereas in case (x) we may use only
a constant symbol ¢ € L¢ \ L that does not appear on V,

(ii7) if V is a branch in a finite tableau from T and ¢ € T, then by adjoining
Ty at the end of branch V we obtain (again) a finite tableau from T.

(iv) every finite tableau from T is formed by finitely many steps (i), (i), (iii).

A tableau from T is a sequence 1y, 1, ..., 7y, ... Of finite tableaux from T
such that 7,4, is formed from 7,, by (ii) or (iii), formally 7 = Ur,.
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F((32)=P(z) — —~(Vz)P(z))

\
T(3z)-P(z)

\
F(=(Va) P(x))

F(=(vx)P(x))

\
T(Vz)P(z)

T(32)-P(z)
\

T(=P(c)) ¢ new
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T(=P(c))
\
FP(c)
[
T(Va)P(x)
| choose
TP(c) t=c
\
®

Construction of tableaux

F(=(Vz)P(z) = (Jz)~P(x))
\
T(=(Vz)P(x))

\
F(32)-P()

| choose
F(=P(d) t=d

F(=P(d))

\
TP(d)

\
®
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Tableau method in predicate logic Tableau

Convention

F((@z)=P(z) = =(vVz)P(z))

\
T(3x)-P(x)
|
F(=(v2)P(z))
\
T(Vz)P(z)
\

T(=P(c)) ¢ new

FP(c)
\

F(=(vVe)P(z) = (3)-P(r))
T(=(vz)P(r))

F(3z)-P(x)
\
F(Vz)P(z)
\
FP(d) d new

T(Vz)P(z)

|
TP(c)

F(3z)-P(x)

\
F(=P(d))

&

[
TP(d)

®

We will not write the entry that is expanded again on the branch, except in
cases when the entry is in the form of T'(Vx)(x) or F(3x)o(x).
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Tableau proof
@ Abranch Vin a tableau 7 is contradictory if it contains entries T and Fp
for some sentence ¢, otherwise V' is noncontradictory.
@ Atableau 7 is contradictory if every branch in 7 is contradictory.

@ A tableau proof (proof by tableau) of a sentence ¢ from a theory T is
a contradictory tableau from T with Fp in the root.

@ A sentence ¢ is (tableau) provable from T, denoted by T I ¢, if it has
a tableau proof from T.

@ A refutation of a sentence ¢ by tableau from a theory T is a contradictory
tableau from T with the root entry T'p.

@ A sentence ¢ is (tableau) refutable from T if it has a refutation by tableau
from T,ie. T+ —p.
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Tableau method in predicate logic

Examples

F((Vz)(P(z) = Q(x)) = ((V2)P(x) = (V)Q(x))

\
T(va)(P(x) = Q)
\
F((V2)P(z) = (V2)Q(x))
\
T(Vz)P(z)

\
F(v2)Q(x)

T(Vz)(P(x) = Q(z))
\

T(P(c) = Q(c))
/ \
FP(c) TQ(c)
\ \
® ®

F((Vo)(p(x) A () & (Vo)) A (Vo)i(z)))

/ \
T((vVz)(¢(z) A o(x))) F((va)(p(z) A ()
\ \
F((Yx)p(x) A (Vo)) (z)) T((Vx)e(x) A (Yr)(x))
F(va)e(x) F(vx)y(z) T(vx)p(x)
\ \ \
Fp(e)  cnew Fip(d) d new T (Va)(x)
| \ \
T((Vo)(p() A(2)))  T((Va)(p(x) A () F(p(e) Atle)) e new
\ \ ~ N
T(p(c) Ap(e)) T(p(d) Ap(d)) Fo(e) Fij(e)
\ \ \ \
Te(c) Te(d) T(vx)p(x)  T(Vr)y(z)
\ \ \ \
T4(0) Tv(d) Te(e) Tu(e)
\ \ \ \
® ® ® ®
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Finished tableau

A finished noncontradictory branch should provide us with a counterexample.
An occurrence of an entry P in a node v of a tableau 7 is i-th if v has exactly
i — 1 predecessors labeled by P; and is reduced on a branch V through v if
a) Pis neither in form of T(Vx)p(x) nor F(3x)¢(x) and P occurs on V as a
root of an atomic tableau, i.e. it was already expanded on V, or
b) Pisinform of T(Vx)y(x) or F(3x)e(x), P has an (i + 1)-th occurrence
on V, and V contains an entry T'p(x/t;) resp. Fp(x/t;) where t; is the
i-th ground term (of the language L¢).

Let V be a branch in a tableau 7 from a theory T. We say that

@ V is finished if it is contradictory, or every occurrence of an entry on V' is
reduced on V and, moreover, V contains T¢ for every p € T,

@ 7 is finished if every branch in 7 is finished.
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Tableau method in predicate logic Systematic tableau

Systematic tableau - construction
Let Rbe anentry and T = {0, ¢1,. .. } be a (possibly infinite) theory.

(1) We take the atomic tableau for R as 7. In case (x) we choose any
ce€ Lc\ L, in case (f) we take ; for ¢. Till possible, proceed as follows.

(2) Let v be the leftmost node in the smallest level as possible in tableau 7,
containing an occurrence of an entry P that is not reduced on some
noncontradictory branch through v. (If v does not exist, we take 7, = 7,,.)

(3a) If Pis neither T(Vx)p(x) nor F(3x)p(x), let 7;, be the tableau obtained
from 7, by adjoining the atomic tableau for P to every noncontradictory
branch through v. In case (x) we choose c; for the smallest possible i.

(3b) If Pis T(Vx)p(x) or F(3x)¢(x) and it has i-th occurrence in v, let 7, be
the tableau obtained from 7, by adjoining atomic tableau for P to every
noncontradictory branch through v, where we take the term ¢; for t.

(4) Let 7,41 be the tableau obtained from ;, by adjoining Ty, to every
noncontradictory branch that does not contain Ty, yet. (If ¢, does not
exist, we take 7,41 = 77,.)

The systematic tableau for R from T is the result = = Ur, of this construction.
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Systematic tableau - an example

T(Gy)(=R(y,y) v Ply ) A (Vo) R(x, )
\

T(3y)(=R(y,y) v P(y,y))
|
T(Vz)R(z,x)
|

T(=R(co,c0) V P(co,c0)) ¢y new
\
T(Vz)R(z,x)
\

TR(co, co) (assuming that t; = ¢o)
/ \
T(—R(co, o)) T P(co, co)
\ \
T(Vz)R(z,x) T(Vz)R(z,x)
\ \
TR(ts,t5) TR(ts,t5)
\ \
FR(co, o) T(Vz)R(z,x)
\ \

® TR(t3,t3)
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Tableau method in predicate logic Systematic tableau

Systematic tableau - being finished

Proposition Every systematic tableau is finished.
Proof Let 7 = Ur, be a systematic tableau from T = {o, ¢1, ... } with root R
and let P be an entry in a node v of the tableau 7.

@ There are only finitely many entries in 7 in levels up to the level of v.

@ If the occurrence of P in v was unreduced on some noncontradictory
branch in 7, it would be found in some step (2) and reduced by (3a), (3b).

@ By step (4) every ¢, € T will be (no later than) in 7., on every
noncontradictory branch.

@ Hence the systematic tableau 7 has all branches finished. [

Proposition If a systematic tableau T is a proof (from a theory T), it is finite.
Proof Suppose that 7 is infinite. Then by Kdnig’s lemma, = contains an
infinite branch. This branch is noncontradictory since in the construction only
noncontradictory branches are prolonged. But this contradicts the assumption
that 7 is a contradictory tableau. [
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Equality
Axioms of equality for a language L with equality are
(i) x=x

(@) =y A ANxn=Yn — f(x,....,%2) =f0n,---,¥n)
for each n-ary function symbol f of the language L.

(fi) x=n AN - ANXn=Yn — (R(x1,...,%5) = R(y1,...,¥n))
for each n-ary relation symbol R of the language L including =.

A tableau prooffrom a theory T in a language L with equality is a tableau
proof from T* where T* denotes the extension of T by adding axioms of
equality for L (resp. their universal closures).

Remark In context of logic programming the equality often has other meaning
than in mathematics (identity). For example in Prolog, t; = t, means that t;
and t, are unifiable.
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Congruence and quotient structure

Let ~ be an equivalenceon A, f : A" — A, and R C A" for n € N. Then ~ is

@ a congruence for the function f if for every x1,..., Xu, y1,...,Vn € A
Xp~N N N Xp~Yn = f(xls---axn)’\’f(ylv---ayn)v
@ a congruence for the relation R if for every x;,..., Xn, Y1, ., Jn €A

X1~ N JANERRERWAN Xn ~ ¥Yn = (R(xlw--:xn)<:>R(yl7~-~7yn)>~

Let an equivalence ~ on A be a congruence for every function and relation
in a structure A = (A, 74, R*) of language L = (F,R). Then the quotient
(structure) of A by ~ is the structure A/~ = (A/~, FA/~ RA™) where
A ) e) = A, X))
R ([x1] s [Xnn) & RA(x1, ..., xp)
foreach f € F, Re R,and xi,...,x, € A, i.e. the functions and relations are
defined from A using representatives.

Example: Z,, is the quotient of Z = (7,4, —,0) by the congruence modulo p.

Petr Gregor (KTIML MFF UK) Propositional and Predicate Logic - VIII WS 2015/2016 19/23



Role of axioms of equality

Let A be a structure of a language L in which the equality is interpreted as
a relation =* satisfying the axioms of equality for L, i.e. not necessarily the
identity relation.

1) From axioms (i) and (iii) it follows that the relation =4 is an equivalence.

2) Axioms (ii) and (iii) express that the relation =4 is a congruence for
every function and relation in A.

3) If A= T* then also (A/=") = T* where A/=" is the quotient of .4 by
=4, Moreover, the equality is interpreted in .A/=4 as the identity relation.

On the other hand, in every model in which the equality is interpreted as the
identity relation, all axioms of equality evidently hold.
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Tableau method in predicate logic Soundness

Soundness
We say that a model A agrees with an entry P, if Pis Ty and A = ¢ or if P

is Fpand A = -y, i.e. A [~ p. Moreover, A agrees with a branch V if A
agrees with every entry on V.

Lemma Let A be a model of a theory T of a language L that agrees with the
root entry R in a tableau = Ur,, from T. Then A can be expanded to
the language L so that it agrees with some branch V in .

Remark It suffices to expand A only by constants ¢* such thatc € L¢ \ L
occurs on V, other constants may be defined arbitrarily.

Proof By induction on n we find a branch V,, in 7, and an expansion A, of A
by constants ¢ for all ¢ € L¢ \ L on V, s.t. A, agrees with V,, and V,,_; C V,.
Assume we have a branch V,, in 7, and an expansion A,, that agrees with V,.
@ If 7,1, is formed from 7, without extending the branch V,,, we take
Va1 = Viyand Ay = Ay
@ If 7,1, is formed from 7, by appending Ty to V;, for some ¢ € T, let V.,
be this branch and A,; = A,. Since A = ¢, A1 agrees with V,, ;.
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Soundness - proof (cont.)

@ Otherwise 7,1, is formed from 7, by appending an atomic tableau to V;,
for some entry P on V,,. By induction we know that A,, agrees with P.

(i) If Pis formed by a logical connective, we take A, 1 = A, and verify
that V,, can always be extended to a branch V,,,; agreeing with A, ;.

(ii) If Pisinform T'(Vx)p(x), let V11 be the (unique) extension of V,, to
abranchin 7,11, i.e. by the entry Ty(x/t). Let A1 be any expansion of
by new constants from t. Since A, = (Vx)¢(x), we have A, = ¢(x/1).
Analogously for P in form F(3x)p(x).

(iii) If Pisinform T'(3x)¢(x), let V,,11 be the (unique) extension of V,, to
abranchin 7,41, i.e. by the entry T'p(x/c). Since A, = (3x)p(x), there is
some a € A with A, = ¢(x)[e(x/a)] for every assignment e. Let A, be
the expansion of A,, by a new constant ¢* = a. Then A, = o(x/c).
Analogously for P in form F(Vx)p(x).

The base step for n = 0 follows from similar analysis of atomic tableaux for
the root entry R applying the assumption that A agrees with R. [
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Theorem on soundness

We will show that the tableau method in predicate logic is sound.

Theorem For every theory T and sentence o, if ¢ is tableau provable
from T, thenpisvalidinT,ie. TFy = T .
Proof
@ Let ¢ be tableau provable from a theory T, i.e. there is a contradictory
tableau 7 from T with the root entry F.
@ Suppose for a contradiction that ¢ is not valid in T, i.e. there exists
a model A of the theory T in which ¢ is not true (a counterexample).
@ Since A agrees with the root entry Fy, by the previous lemma, A can be
expanded to the language L¢ so that it agrees with some branch in .
@ But this is impossible, since every branch of 7 is contradictory, i.e.
it contains a pair of entries Ty, Fiy for some sentence ¢». [
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