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The general resolution rule

Let Gy, G be clauses with distinct variables such that
C=CU{A,...,A)}, G =CU{~Bi,...,~By},
where S = {A,,..., Ay, Bi,..., By} is unifiable and n, m > 1. Then the clause
C = ClocUCCjo,
where ¢ is a most general unification of S, is the resolvent of C; and G,.
For example, in clauses {P(x), Q(x, z)} and {—P(y),-Q(f(y),y)} we can

unify S = {Q(x, z), Q(f(y),y)} applying a most general unification
o ={x/f(y),z/y}, and then resolve to a clause {P(f(y)),~P(y)}.

Remark The condition on distinct variables can be satisfied by renaming
variables apart. This is sometimes necessary, e.g. from {{P(x)},{—-P(f(x))}}
after renaming we can get O, but { P(x), P(f(x))} is not unifiable.
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ion in method in predicate logic Resolution proof

Resolution in predicate logic - an example

Consider T'= {—=P(x,x), P(x,y) — P(y,x), P(x,y) NP(y,z) — P(x,2)}.
Is T = (3x)-P(x, f(x)) ? Equivalently, is the following T” unsatisfiable?
T" = {{=P(x,x)},{~P(x,¥), P(y,X)}, {~P(x,y), ~P(y, 2), P(x, 2) }, { P(x, f(x)) }}
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Soundness of resolution

First we show soundness of the general resolution rule.

Proposition Let C be a resolvent of clauses C;, C,. For every L-structure A,
AEC and AEG = AEC.

Proof Let C, = C{ U {A,,..., Ant, G = C)U{=B,...,~By}, o be a most

general unification for S = {A;,...,A,, By,..., By}, and C = Cjo U Clo.
@ Since Ci, G, are open, it holds also A = Cio and A = Go.
@ We have Cio = Cjo U {So}and Go = Clo U {=(So)}.

@ We show A = C[e] for every e. If A |= So|e], then A = Cjo|e], and thus
A |= Cle]. Otherwise A [~ Sole], so A |= C{ole], and thus A |= Cle]. O

Theorem (soundness) If S is resolution refutable, then S is unsatisfiable.

Proof Let S kg O. Suppose A = S for some structure A. By soundness
of the general resolution rule we have A = [0, which is impossible. W
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Soundness and complteness
Lifting lemma

A resolution proof on propositional level can be “lifted” to predicate level.
Lemma Let Cf = Cini, C = Gy be ground instances of clauses Cy, G,
with distinct variables and C* be a resolvent of C;' a C;. Then there exists
a resolvent C of C, and C, such that C* = Cny, is a ground instance of C.
Proof Assume that C* is a resolvent of Cf, C; through a literal P(#, ..., t).
@ Wehave C, = C{ LU{A,...,A,}and G = C, U {—By,...,~B,;,}, where
{A1, ..., Ay} ={P(t1,..., )} and {=By,..., By}t = {=P(t,..., )}
@ Thus (r72) unifies S = {A;,..., A, Bi,..., By} andif o is mgu of S from
the unification algorithm, then C = C/o U Cjo is a resolvent of C;, G,.
@ Moreover, (r172) = o(m172) by the property (x) for o, and hence
Crimy = (Clo U Cyo)rima = Clomima U Coorime = Cimp U Como
=(C\{A,..., A} )1 U (G \{-B1,..., Bn})7

=(CI\{P(tr,....tr) HU(CG\{=P(t,....,)}) =C*. O
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Completeness

Corollary Let S’ be the set of all ground instances of clauses of formula S.
IfS" =g C’ (on prop. level) where C' is a ground clause, then C' = Co for
some clause C and a ground substitution o such that S g C (on pred. level).

Proof By induction on the length of resolution proof using lifting lemma. O

Theorem (completeness) If S is unsatisfiable, then S -y (1.

Proof If S is unsatisfiable, then by the (corollary of) Herbrand’s theorem, also
the set §' of all ground instances of clauses of S is unsatisfiable.

@ By completeness of resolution in prop. logic, S’ Fr O (on prop. level).

@ By the above corollary, there is a clause C and a ground substitution o
such that 0 = Co and S g C (on pred. level).

@ The only clause that has (] as a ground instance isthe clause C=0. H
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Hilbert’s calculus in predicate logic

@ basic connectives and quantifier: -, —, (Vx) (others are derived)
@ allows to prove any formula (not just sentences)
@ logical axioms (schemes of axioms):

(1) o= =9
(i) (p—=> W —=x) = (e—=9) = (p—x)
(iii) (= ) = (Y = )
(iv) (Vx)p = p(x/1) if ¢ is substitutable for x to ¢

(v) (Vx)(p = ) = (p — (Vx)y) if xis notfreein ¢
where ¢, 1, x are any formulas (of a given language), ¢ is any term,
and x is any variable

@ in a language with equality we include also the axioms of equality
@ rules of inference
W (modus ponens), v (generalization)

(Vx)ep
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Hilbert-style proofs

A proof (in Hilbert-style) of a formula ¢ from a theory T is a finite sequence
©o, - - -, pn =  of formulas such that for every i < n

@ ¢; is alogical axiom or ¢; € T (an axiom of the theory), or

@ ¢; can be inferred from the previous formulas applying a rule of inference.

A formula ¢ is provable from T if it has a proof from T, denoted by T g .

Theorem (soundness) Forevery theory T and formula o, Tty ¢ = T |E .
Proof
@ If pis an axiom (logical or from T), then T = ¢ (l. axioms are tautologies),
oifTEypand T = ¢ — ¢, then T =1, i.e. modus ponens is sound,
o if T |= ¢, then T |= (Vx)y, i.e. generalization is sound,
@ thus every formula in a proof from T isvalidin T. [

Remark The completeness holds as well, i.e. T = ¢ = T by .
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