
Further ML Methods

Linear Projections
Principal Component Analysis (PCA): ’the most spread variance’ directions

Sparse PCA. (sklearn)

Partial Least Squares: not mentioned here. (sklearn)
Archetypal analysis: extremes, instead of ’centers’ from clustering; data=lin.
comb. of archetypes (archetypes)
NMF Nonnegative Matrix Factorization: ’linear r -dimensional autoencoder’
(sklearn)
Factor analysis: A view on ’independent factors’ observed via a linear
combination mixture with a gaussian noise (sklearn)
Independent Component Analysis: splits the signal according to
non-gaussian features (max. divergence from gaussian) (sklearn)
Procrustes transformation - curve fitting.

Principal curves and surfaces (predefined fj(λ), curve paramater λ)
(prinPy),
Kernel PCA. (sklearn)
Spectral Clustering. (sklearn)
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PCA Principal Components, Curves and Surfaces
The principal components of a set of data in Rp

provide a sequence of best linear approximations to
that data, of all ranks q ≤ p.
let µ be a location vector in Rp, Vq is a p × q
matrix with q orthogonal unit vectors as columns, λ
is a q vector of parameters.
f (λ) = µ+ Vqλ represents an affine hyperplane of
rank q.
We minimize the reconstruction error (by least
squares)

minµ,{λi }
∑N

i=1 ‖xi − µ− Vqλi‖2.
We can partially optimize

µ̂ = x
λ̂i = V T

q (xi − x).
This leaves us to find the orthogonal matrix Vq

minVq

∑N
i=1
∥∥(xi − x)− VqV T

q (xi − x)
∥∥2 .

We center the data x = 0 to simplify the formulas.
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FIGURE 14.20. The first linear principal component of a set of data. The line
minimizes the total squared distance from each point to its orthogonal projection
onto the line.

In this application the authors have developed a “zoom” feature, which
allows one to interact with the map in order to get more detail. The final
level of zooming retrieves the actual news articles, which can then be read.

14.5 Principal Components, Curves and Surfaces

Principal components are discussed in Sections 3.4.1, where they shed light
on the shrinkage mechanism of ridge regression. Principal components are
a sequence of projections of the data, mutually uncorrelated and ordered
in variance. In the next section we present principal components as linear
manifolds approximating a set of N points xi ∈ IRp. We then present
some nonlinear generalizations in Section 14.5.2. Other recent proposals
for nonlinear approximating manifolds are discussed in Section 14.9.

14.5.1 Principal Components

The principal components of a set of data in IRp provide a sequence of best
linear approximations to that data, of all ranks q ≤ p.

Denote the observations by x1, x2, . . . , xN , and consider the rank-q linear
model for representing them
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FIGURE 14.21. The best rank-two linear approximation to the half-sphere data.
The right panel shows the projected points with coordinates given by U2D2, the
first two principal components of the data.

two-dimensional principal component surface fit to the half-sphere data
(left panel). The right panel shows the projection of the data onto the
first two principal components. This projection was the basis for the initial
configuration for the SOM method shown earlier. The procedure is quite
successful at separating the clusters. Since the half-sphere is nonlinear, a
nonlinear projection will do a better job, and this is the topic of the next
section.

Principal components have many other nice properties, for example, the
linear combination Xv1 has the highest variance among all linear com-
binations of the features; Xv2 has the highest variance among all linear
combinations satisfying v2 orthogonal to v1, and so on.

Example: Handwritten Digits

Principal components are a useful tool for dimension reduction and com-
pression. We illustrate this feature on the handwritten digits data described
in Chapter 1. Figure 14.22 shows a sample of 130 handwritten 3’s, each a
digitized 16 × 16 grayscale image, from a total of 658 such 3’s. We see
considerable variation in writing styles, character thickness and orienta-
tion. We consider these images as points xi in IR256, and compute their
principal components via the SVD (14.54).

Figure 14.23 shows the first two principal components of these data. For
each of these first two principal components ui1 and ui2, we computed the
5%, 25%, 50%, 75% and 95% quantile points, and used them to define
the rectangular grid superimposed on the plot. The circled points indicate

Machine Learning PCA Extensions, Independent CA 13 523 - 545 May 17, 2023 350 / 390



Handwritten 3 Example

130 handwritten digits 3, each 16×16 grayscale
image.

x ∈ R256

First two principal component plot
For the first two principal components quantiles
5,25,50,75,95 percent.
First component - x axis: mainly the length of 3
Second component - the thickness.

The projection on the first two components is:
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FIGURE 14.22. A sample of 130 handwritten 3’s shows a variety of writing
styles.

those images close to the vertices of the grid, where the distance measure
focuses mainly on these projected coordinates, but gives some weight to the
components in the orthogonal subspace. The right plot shows the images
corresponding to these circled points. This allows us to visualize the nature
of the first two principal components. We see that the v1 (horizontal move-
ment) mainly accounts for the lengthening of the lower tail of the three,
while v2 (vertical movement) accounts for character thickness. In terms of
the parametrized model (14.49), this two-component model has the form

f̂(λ) = x̄+ λ1v1 + λ2v2

= + λ1 · + λ2 · . (14.55)

Here we have displayed the first two principal component directions, v1
and v2, as images. Although there are a possible 256 principal components,
approximately 50 account for 90% of the variation in the threes, 12 ac-
count for 63%. Figure 14.24 compares the singular values to those obtained
for equivalent uncorrelated data, obtained by randomly scrambling each
column of X. The pixels in a digitized image are inherently correlated,
and since these are all the same digit the correlations are even stronger.

First 12 components account for 63% data
variations.
Explained variance by PCA (blue) and randomized
directions (orange).
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FIGURE 14.22. A sample of 130 handwritten 3’s shows a variety of writing
styles.

those images close to the vertices of the grid, where the distance measure
focuses mainly on these projected coordinates, but gives some weight to the
components in the orthogonal subspace. The right plot shows the images
corresponding to these circled points. This allows us to visualize the nature
of the first two principal components. We see that the v1 (horizontal move-
ment) mainly accounts for the lengthening of the lower tail of the three,
while v2 (vertical movement) accounts for character thickness. In terms of
the parametrized model (14.49), this two-component model has the form

f̂(λ) = x̄+ λ1v1 + λ2v2

= + λ1 · + λ2 · . (14.55)

Here we have displayed the first two principal component directions, v1
and v2, as images. Although there are a possible 256 principal components,
approximately 50 account for 90% of the variation in the threes, 12 ac-
count for 63%. Figure 14.24 compares the singular values to those obtained
for equivalent uncorrelated data, obtained by randomly scrambling each
column of X. The pixels in a digitized image are inherently correlated,
and since these are all the same digit the correlations are even stronger.
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FIGURE 14.23. (Left panel:) the first two principal components of the hand-
written threes. The circled points are the closest projected images to the vertices
of a grid, defined by the marginal quantiles of the principal components. (Right
panel:) The images corresponding to the circled points. These show the nature of
the first two principal components.
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FIGURE 14.24. The 256 singular values for the digitized threes, compared to
those for a randomized version of the data (each column of X was scrambled).
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FIGURE 14.23. (Left panel:) the first two principal components of the hand-
written threes. The circled points are the closest projected images to the vertices
of a grid, defined by the marginal quantiles of the principal components. (Right
panel:) The images corresponding to the circled points. These show the nature of
the first two principal components.
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FIGURE 14.24. The 256 singular values for the digitized threes, compared to
those for a randomized version of the data (each column of X was scrambled).
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Sparse Principal Components
We often interpret PCA by examining loadings: direction vectors vj .
This interpretation is easier if the loadings are sparse.

Definition (Sparse PCA)
Sparse principal component technique solves
for a single component:

minθ,v
N∑

i=1
‖xi − θvT xi‖2

2 + λ‖v‖2
2 + λ1‖v‖1

subject to ‖θ‖2 = 1.

If both λ = λ1 = 0 and
N > p, than v = θ is the
largest principal component
direction.
When p � N the solution
may not be unique unless
λ > 0. For λ > 0 and λ1 = 0
is the solution proportional to
the largest principal
component direction.

Sparse principal component for multiple components minimizes Θ and V p ×K
matrices

minΘ,V

N∑
i=1
‖xi −ΘV T xi‖2

2 + λ

K∑
k=1
‖vk‖2

2 +
K∑

k=1
λ1k‖vk‖1

subject to ΘT Θ = IK .
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Corpus Callosum (CC) Sparse PCA Example

552 14. Unsupervised Learning

FIGURE 14.32. An example of a mid-saggital brain slice, with the corpus col-
losum annotated with landmarks.

ple PCA is applied to shape data, and is a popular tool in morphometrics.
For such applications, a number of landmarks are identified along the cir-
cumference of the shape; an example is given in Figure 14.32. These are
aligned by Procrustes analysis to allow for rotations, and in this case scal-
ing as well (see Section 14.5.1). The features used for PCA are the sequence
of coordinate pairs for each landmark, unpacked into a single vector.

In this analysis, both standard and sparse principal components were
computed, and components that were significantly associated with various
clinical parameters were identified. In the figure, the shape variations cor-
responding to significant principal components (red curves) are overlaid on
the mean CC shape (black curves). Low walking speed relates to CCs that
are thinner (displaying atrophy) in regions connecting the motor control
and cognitive centers of the brain. Low verbal fluency relates to CCs that
are thinner in regions connecting auditory/visual/cognitive centers. The
sparse principal components procedure gives a more parsimonious, and po-
tentially more informative picture of the important differences.

The Corpus Callosum scan.
The area represented by a number
of points aligned by Procrustes
analysis,
a set of 2d points for now.14.5 Principal Components, Curves and Surfaces 551

Walking Speed

Verbal Fluency

Principal Components Sparse Principal Components

FIGURE 14.31. Standard and sparse principal components from a study of
the corpus callosum variation. The shape variations corresponding to significant
principal components (red curves) are overlaid on the mean CC shape (black
curves).

For multiple components, the sparse principal components procedures
minimizes

N∑

i=1

||xi −ΘVTxi||2 + λ

K∑

k=1

||vk||22 +

K∑

k=1

λ1k||vk||1, (14.71)

subject to ΘTΘ = IK . Here V is a p×K matrix with columns vk and Θ
is also p×K.

Criterion (14.71) is not jointly convex in V and Θ, but it is convex in
each parameter with the other parameter fixed7. Minimization over V with
Θ fixed is equivalent to K elastic net problems (Section 18.4) and can be
done efficiently. On the other hand, minimization over Θ with V fixed is a
version of the Procrustes problem (14.56), and is solved by a simple SVD
calculation (Exercise 14.12). These steps are alternated until convergence.

Figure 14.31 shows an example of sparse principal components analysis
using (14.71), taken from Sjöstrand et al. (2007). Here the shape of the
mid-sagittal cross-section of the corpus callosum (CC) is related to various
clinical parameters in a study involving 569 elderly persons8. In this exam-

7Note that the usual principal component criterion, for example (14.50), is not jointly

convex in the parameters either. Nevertheless, the solution is well defined and an efficient

algorithm is available.
8We thank Rasmus Larsen and Karl Sjöstrand for suggesting this application, and

supplying us with the postscript figures reproduced here.

Machine Learning PCA Extensions, Independent CA 13 523 - 545 May 17, 2023 353 / 390



Archetypal Analysis

Archetypal Analysis approximates data points by a linear combination of
prototypes

that are themselves linear combinations of data points.
Each data point is approximated by a convex combination of prototypes.
This forces the prototypes to lie on the convex hull of the data cloud.
In this sense, they are ’archetypal’.

K-means clustering
approximates any point by one
prototype
each prototype is a linear
combination of samples (the
mean of a cluster).

14.7 Independent Component Analysisand Exploratory Projection Pursuit 557

2 Prototypes 4 Prototypes 8 Prototypes

FIGURE 14.35. Archetypal analysis (top panels) and K-means clustering (bot-
tom panels) applied to 50 data points drawn from a bivariate Gaussian distribu-
tion. The colored points show the positions of the prototypes in each case.

archetypes, respectively. As expected, the algorithm has produced extreme
3’s both in size and shape.

14.7 Independent Component Analysis and
Exploratory Projection Pursuit

Multivariate data are often viewed as multiple indirect measurements aris-
ing from an underlying source, which typically cannot be directly measured.
Examples include the following:

• Educational and psychological tests use the answers to questionnaires
to measure the underlying intelligence and other mental abilities of
subjects.

• EEG brain scans measure the neuronal activity in various parts of
the brain indirectly via electromagnetic signals recorded at sensors
placed at various positions on the head.

• The trading prices of stocks change constantly over time, and reflect
various unmeasured factors such as market confidence, external in-
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Archetypal Analysis

“linear autoencoder" of the dimension r

Definition (Archetypal Analysis)
A non-negative N × p data matrix X is modeled X ∼WH,

H = BX is r × p matrix of r archetypes (rows of H),
B is r × N matrix where bki ≥ 0 and (∀k) (

∑N
i=1 bki = 1).

W is N × r matrix where wik ≥ 0 and (∀i) (
∑r

k=1 wik = 1).
We minimize over W and B: J(W ,B) = ‖X −WH‖2 = ‖X −WBX‖2.

Its minimized in an alternating fashion,
with each separate minimization involving a
convex optimization.
Converges to a local minimum.
Figure: 2,3, and 4 prototypes for the
Handwritten 3 example.
Extreme 3’s both in size and shape.

558 14. Unsupervised Learning

FIGURE 14.36. Archetypal analysis applied to the database of digitized 3’s. The
rows in the figure show the resulting archetypes from three runs, specifying two,
three and four archetypes, respectively.

fluences, and other driving forces that may be hard to identify or
measure.

Factor analysis is a classical technique developed in the statistical liter-
ature that aims to identify these latent sources. Factor analysis models
are typically wed to Gaussian distributions, which has to some extent hin-
dered their usefulness. More recently, independent component analysis has
emerged as a strong competitor to factor analysis, and as we will see, relies
on the non-Gaussian nature of the underlying sources for its success.

14.7.1 Latent Variables and Factor Analysis

The singular-value decomposition X = UDVT (14.54) has a latent variable
representation. Writing S =

√
NU and AT = DVT /

√
N , we have X =

SAT , and hence each of the columns of X is a linear combination of the
columns of S. Now since U is orthogonal, and assuming as before that the
columns of X (and hence U) each have mean zero, this implies that the
columns of S have zero mean, are uncorrelated and have unit variance. In
terms of random variables, we can interpret the SVD, or the corresponding
principal component analysis (PCA) as an estimate of a latent variable
model
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Non-negative Matrix Factorization

Definition (Non-negative Matrix Factorization)
A centered N × p data matrix X is modeled
X ∼WH,
W is N × r matrix, H is r × p,
r ≤ max(N, p).
We assume xij ,wik , hkj ≥ 0.
We maximize over W and H: L(W ,H) =∑N

i=1
∑p

j=1[xij log(WH)ij − (WH)ij ].

NMF assumes xij has a Poisson distribution
with mean (WH)ij

we maximize the loglikelihood.

14.6 Non-negative Matrix Factorization 555

VQ

×
 =

NMF

=×


PCA

=×


Original

FIGURE 14.33. Non-negative matrix factorization (NMF), vector quantization
(VQ, equivalent to k-means clustering) and principal components analysis (PCA)
applied to a database of facial images. Details are given in the text. Unlike VQ
and PCA, NMF learns to represent faces with a set of basis images resembling
parts of faces.
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NMF
NMF

1: procedure NMF:(X centered data)
2: repeat

3: wik ← wik

∑p
j=1

hkj xij/(WH)ij∑p
j=1

hkj
,

4: hkj ← hkj

∑N
i=1

wik xij/(WH)ij∑N
i=1

bik

5: until convergence
6: return W , H
7: end procedure

The NMF solution
is not unique.

Any h1, h2 basis vectors in the open space

between the coordinate axes and data work

(given an exact reconstruction of the data).
556 14. Unsupervised Learning

h1

h2

FIGURE 14.34. Non-uniqueness of the non-negative matrix factorization.
There are 11 data points in two dimensions. Any choice of the basis vectors h1

and h2 in the open space between the coordinate axes and data, gives an exact
reconstruction of the data.

Figure 14.35 shows an example with simulated data in two dimensions.
The top panel displays the results of archetypal analysis, while the bottom
panel shows the results from K-means clustering. In order to best recon-
struct the data from convex combinations of the prototypes, it pays to
locate the prototypes on the convex hull of the data. This is seen in the top
panels of Figure 14.35 and is the case in general, as proven by Cutler and
Breiman (1994). K-means clustering, shown in the bottom panels, chooses
prototypes in the middle of the data cloud.

We can think of K-means clustering as a special case of the archetypal
model, in which each row of W has a single one and the rest of the entries
are zero.

Notice also that the archetypal model (14.75) has the same general form
as the non-negative matrix factorization model (14.72). However, the two
models are applied in different settings, and have somewhat different goals.
Non-negative matrix factorization aims to approximate the columns of the
data matrix X, and the main output of interest are the columns of W
representing the primary non-negative components in the data. Archetypal
analysis focuses instead on the approximation of the rows of X using the
rows of H, which represent the archetypal data points. Non-negative matrix
factorization also assumes that r ≤ p. With r = p, we can get an exact
reconstruction simply choosing W to be the data X with columns scaled
so that they sum to 1. In contrast, archetypal analysis requires r ≤ N ,
but allows r > p. In Figure 14.35, for example, p = 2, N = 50 while
r = 2, 4 or 8. The additional constraint (14.76) implies that the archetypal
approximation will not be perfect, even if r > p.

Figure 14.36 shows the results of archetypal analysis applied to the
database of 3’s displayed in Figure 14.22. The three rows in Figure 14.36
are the resulting archetypes from three runs, specifying two, three and four

sklearn.decomposition.NMF has the objective function:

0.5‖X −WH‖2
loss + αW · l1ratiop‖vec(W )‖1 + 0.5αW · (1− l1ratio)p‖W ‖2

Fro

+ αH · l1ratioN‖vec(H)‖1 + 0.5αH · (1− l1ratio)N‖H‖2
Fro

‖vec(W )‖1 =
∑

i,j abs(Wi,j ) elementwise L1 norm

‖W ‖2
Fro =

∑
i,j W 2

i,j Frobenius norm
loss is Frobenius norm or another beta-divergence loss, l1ratio = 0.
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Independent Component Analysis

Multivariate data as multiple
indirect measurements from an
underlying source.
Examples: EEG brain scans, ’body
fat’, trading prices.
Factor analysis

typically wed to Gaussian
distributions
which has hindered their
usefulness
and has no unique solution

any linear transformation is a
solution.

566 14. Unsupervised Learning

FIGURE 14.41. Fifteen seconds of EEG data (of 1917 seconds) at nine (of
100) scalp channels (top panel), as well as nine ICA components (lower panel).
While nearby electrodes record nearly identical mixtures of brain and non-brain
activity, ICA components are temporally distinct. The colored scalps represent the
ICA unmixing coefficients âj as a heatmap, showing brain or scalp location of the
source.
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Latent Variables and Factor Analysis

Take the singular value decomposition X = UDV T

we assume that the columns of X have zero mean
where D is a diagonal matrix
U is orthogonal.

X has a latent variable decomposition X = SAT

where S =
√

NU, AT = 1√
N DV T

each of the columns of X is a linear combination of the columns of S
columns of S have zero mean, are uncorrelated and have unit variance,
Cov(S) = I.
we can interpret the SVD, or the corresponding PCA as an estimate of a
latent variable model X = AS

X1 = a11S1 + a12S2 + . . .+ a1pSp

X2 = a21S1 + a22S2 + . . .+ a2pSp

. . .

Xp = ap1S1 + ap2S2 + . . .+ appSp

Notice that for any orthogonal p× p matrix R is X = AS = ART RS = A∗S∗.
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Factor Analysis
In the SVD decomposition any rank q < p truncated decomposition
approximates X in an optimal way.
Factor analysis model (popular in psychometrics)

with q < p, a factor analysis model has the form X = AS + ε

X1 = a11S1 + a12S2 + . . .+ a1qSq + ε1

X2 = a21S1 + a22S2 + . . .+ a2qSq + ε2

. . .

Xp = ap1S1 + ap2S2 + . . .+ apqSq + εp

S is a vector of q < p underlying latent variables or factors
A is a p × q matrix of factor loadings

used to name and interpret the factors
εj are uncorrelated zero–mean disturbances.
Typically, S` and εj are modeled as Gaussian random variables, and the model
is fit by maximum likelihood.
The parameters all reside in the covariance matrix

Σ = AAT + Dε
where Dε = diag [Var(ε1),Var(ε2), . . . ,Var(εp)]
S independent factors like intelligence, drive in a battery of educational tests.
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Independent Component Analysis

X1 = a11S1 + a12S2 + . . .+ a1pSp

X2 = a21S1 + a22S2 + . . .+ a2pSp

. . .

Xp = ap1S1 + ap2S2 + . . .+ appSp

S are assumed statistically independent rather than uncorrelated
correlation: second order interaction
independence: all orders of interactions.
Multivariate Gaussian is determined by its second moments alone (up to
rotation).
Otherwise, the extra moments allow to identify the elements of A uniquely.

We assume X has been whitened to have Cov(X ) = I; Simplest: multiply by
W = Σ− 1

2 , typically achieved via the SVD to D− 1
2 V T .

Var(S) = I, therefore is A orthogonal.
ICA searches an orthogonal S such that S = AT X are independent
(not-Gaussian) components.
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Example

Cocktail party problem Different microphones Xj pick up mixtures of
different independent sources S` (music, speech from different speakers).
ICA is able to perform blind source separation

by exploiting the independence and non–Gaussianity of the original sources.14.7 Independent Component Analysis and Exploratory Projection Pursuit 561

Source Signals Measured Signals

PCA Solution ICA Solution

FIGURE 14.37. Illustration of ICA vs. PCA on artificial time-series data. The
upper left panel shows the two source signals, measured at 1000 uniformly spaced
time points. The upper right panel shows the observed mixed signals. The lower
two panels show the principal components and independent component solutions.

source separation, by exploiting the independence and non-Gaussianity of
the original sources.

Many of the popular approaches to ICA are based on entropy. The dif-
ferential entropy H of a random variable Y with density g(y) is given by

H(Y ) = −
∫
g(y) log g(y)dy. (14.82)

A well-known result in information theory says that among all random
variables with equal variance, Gaussian variables have the maximum en-
tropy. Finally, the mutual information I(Y ) between the components of the
random vector Y is a natural measure of dependence:

I(Y ) =

p∑

j=1

H(Yj)−H(Y ). (14.83)

The quantity I(Y ) is called the Kullback–Leibler distance between the
density g(y) of Y and its independence version

∏p
j=1 gj(yj), where gj(yj)

is the marginal density of Yj . Now if X has covariance I, and Y = ATX
with A orthogonal, then it is easy to show that

I(Y ) =

p∑

j=1

H(Yj)−H(X)− log | detA| (14.84)

=

p∑

j=1

H(Yj)−H(X). (14.85)

Finding an A to minimize I(Y ) = I(ATX) looks for the orthogonal trans-
formation that leads to the most independence between its components. In
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Entropy

entropy H(Y ) = −
∫

g(y) log g(y)dy

mutual information I(Y ) =
p∑

j=1
H(Yj)− H(Y )

I(Y ) =
p∑

j=1
H(Yj)− H(X )− log | det(A)|

=
p∑

j=1
H(Yj)− H(X )

since Cov(X ) = I, Y = AT X and A is orthogonal.
We search A to minimize I(Y ) = I(AT X )

looks for the orthogonal transformation that leads to the most independence
between its components
minimizes the sum of the entropies of the separate components of Y
this amounts to maximizing their departures from Gaussianity.
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Negentropy, FastICA
For each Yj , let Zj be a Gaussian random variable
with the same variance as Yj .
The negentropy J(Yj) is defined

J(Yj) = H(Zj)− H(Yj)

It is non–negative, and measures the departure of Yj
from Gaussianity.
Can be approximated by

J(Yj) ∼ [EG(Yj)− EG(Zj)]2

G(u) = 1
a log cosh(au) for 1 ≤ a ≤ 2.

FastICA

ICA starts from essentially a factor analysis
solution
and looks for rotations that lead to
independent components.

14.7 Independent Component Analysis and Exploratory Projection Pursuit 563
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FIGURE 14.39. A comparison of the first five ICA components computed using
FastICA (above diagonal) with the first five PCA components(below diagonal).
Each component is standardized to have unit variance.

Gaussian as possible. With pre-whitened data, this amounts to looking for
components that are as independent as possible.

ICA starts from essentially a factor analysis solution, and looks for rota-
tions that lead to independent components. From this point of view, ICA is
just another factor rotation method, along with the traditional “varimax”
and “quartimax” methods used in psychometrics.

Example: Handwritten Digits

We revisit the handwritten threes analyzed by PCA in Section 14.5.1. Fig-
ure 14.39 compares the first five (standardized) principal components with
the first five ICA components, all shown in the same standardized units.
Note that each plot is a two-dimensional projection from a 256-dimensional

Above diagonal:
first five ICA
components
Below diagonal:
first five PCA
components
all standardized to
unit variance.

Machine Learning PCA Extensions, Independent CA 13 523 - 545 May 17, 2023 364 / 390



FastICA
X are centered and whitened data with Cov(X ) = I

typically achieved via the SVD, X ←
√

DU from X = UDV T .
q the number of components

Only one is allowed to follow Gaussian distribution.
a a parameter.

FastICA

1: procedure FastICA:(X, a ∈ 〈1, 2〉, q ≤ p )
2: w1, . . . ,wq ← randomly initialize N-dimensional weight vectors
3: for ` = 1, . . . , q do
4: repeat
5: w+

` ←
∑N

i=1 x tanh(awT
` x)−

(∑N
i=1

1
cosh2(wT

`
x)

)
w

6: w` ← w+
` −

∑`−1
j=1 wT

` wjwj # orthogonal to previous
7: w` ← w`√

wT
`

w`

# normalize
8: until convergence
9: end for

10: end procedure

Machine Learning PCA Extensions, Independent CA 13 523 - 545 May 17, 2023 365 / 390



Procrustes Transformations
Assume each handwritten S is represented as
N = 96 points.
Both X1 and X2 are N × 2 matrices (green, orange
curve).

with column means x1, x2, centered to X̃1, X̃2.

To find landmarks (points) are difficult and subject
specific.
In this example, dynamic time wrapping of the
speed signal along each signature was used.

14.5 Principal Components, Curves and Surfaces 539

A relatively small subset of the principal components serve as excellent
lower-dimensional features for representing the high-dimensional data.

Example: Procrustes Transformations and Shape Averaging

FIGURE 14.25. (Left panel:) Two different digitized handwritten Ss, each rep-
resented by 96 corresponding points in IR2. The green S has been deliberately
rotated and translated for visual effect. (Right panel:) A Procrustes transforma-
tion applies a translation and rotation to best match up the two set of points.

Figure 14.25 represents two sets of points, the orange and green, in the
same plot. In this instance these points represent two digitized versions
of a handwritten S, extracted from the signature of a subject “Suresh.”
Figure 14.26 shows the entire signatures from which these were extracted
(third and fourth panels). The signatures are recorded dynamically using
touch-screen devices, familiar sights in modern supermarkets. There are
N = 96 points representing each S, which we denote by the N ×2 matrices
X1 and X2. There is a correspondence between the points—the ith rows
of X1 and X2 are meant to represent the same positions along the two S’s.
In the language of morphometrics, these points represent landmarks on
the two objects. How one finds such corresponding landmarks is in general
difficult and subject specific. In this particular case we used dynamic time
warping of the speed signal along each signature (Hastie et al., 1992), but
will not go into details here.

In the right panel we have applied a translation and rotation to the green
points so as best to match the orange—a so-called Procrustes3 transforma-
tion (Mardia et al., 1979, for example).

Consider the problem

min
µ,R
||X2 − (X1R + 1µT )||F , (14.56)

3Procrustes was an African bandit in Greek mythology, who stretched or squashed

his visitors to fit his iron bed (eventually killing them).
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A relatively small subset of the principal components serve as excellent
lower-dimensional features for representing the high-dimensional data.

Example: Procrustes Transformations and Shape Averaging

FIGURE 14.25. (Left panel:) Two different digitized handwritten Ss, each rep-
resented by 96 corresponding points in IR2. The green S has been deliberately
rotated and translated for visual effect. (Right panel:) A Procrustes transforma-
tion applies a translation and rotation to best match up the two set of points.

Figure 14.25 represents two sets of points, the orange and green, in the
same plot. In this instance these points represent two digitized versions
of a handwritten S, extracted from the signature of a subject “Suresh.”
Figure 14.26 shows the entire signatures from which these were extracted
(third and fourth panels). The signatures are recorded dynamically using
touch-screen devices, familiar sights in modern supermarkets. There are
N = 96 points representing each S, which we denote by the N ×2 matrices
X1 and X2. There is a correspondence between the points—the ith rows
of X1 and X2 are meant to represent the same positions along the two S’s.
In the language of morphometrics, these points represent landmarks on
the two objects. How one finds such corresponding landmarks is in general
difficult and subject specific. In this particular case we used dynamic time
warping of the speed signal along each signature (Hastie et al., 1992), but
will not go into details here.

In the right panel we have applied a translation and rotation to the green
points so as best to match the orange—a so-called Procrustes3 transforma-
tion (Mardia et al., 1979, for example).

Consider the problem

min
µ,R
||X2 − (X1R + 1µT )||F , (14.56)

3Procrustes was an African bandit in Greek mythology, who stretched or squashed
his visitors to fit his iron bed (eventually killing them).

Procrustes transformation
R is an orthonormal p × p matrix,

R̂ ← UV T from X̃T
1 X̃2 = UDV T .

µ a p vector of location coordinates
µ← x2 − R̂x1.

‖X‖2
F = trace(X T X) =

∑N
i=1

∑p
j=1 |xij |2 is the squared Frobenius matrix norm

We minimize the Procrustes distance

minµ,R
∥∥X2 − (X1R + 1µT )

∥∥2
F .

Machine Learning PCA Extensions, Independent CA 13 523 - 545 May 17, 2023 366 / 390



Shape Averaging, Procrustes Average
! From now on, we assume the data are centered.

Definition (Procrustes average)
The Procrustes average of a collection
of L shapes is M that minimizes

min{R`}L
1 ,M

L∑
`=1
‖X`R` −M‖2

F .
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FIGURE 14.26. The Procrustes average of three versions of the leading S in
Suresh’s signatures. The left panel shows the preshape average, with each of the
shapes X′

ℓ in preshape space superimposed. The right three panels map the pre-
shape M separately to match each of the original S’s.

min
{Aℓ}L

1 ,M

L∑

ℓ=1

||XℓAℓ −M||2F , (14.60)

where the Aℓ are any p× p nonsingular matrices. Here we require a stan-
dardization, such as MTM = I, to avoid a trivial solution. The solution is
attractive, and can be computed without iteration (Exercise 14.10):

1. Let Hℓ = Xℓ(X
T
ℓ Xℓ)

−1XT
ℓ be the rank-p projection matrix defined

by Xℓ.

2. M is the N×p matrix formed from the p largest eigenvectors of H̄ =
1
L

∑L
ℓ=1 Hℓ.

14.5.2 Principal Curves and Surfaces

Principal curves generalize the principal component line, providing a smooth
one-dimensional curved approximation to a set of data points in IRp. A prin-
cipal surface is more general, providing a curved manifold approximation
of dimension 2 or more.

We will first define principal curves for random variables X ∈ IRp, and
then move to the finite data case. Let f(λ) be a parameterized smooth
curve in IRp. Hence f(λ) is a vector function with p coordinates, each a
smooth function of the single parameter λ. The parameter λ can be chosen,
for example, to be arc-length along the curve from some fixed origin. For
each data value x, let λf (x) define the closest point on the curve to x. Then
f(λ) is called a principal curve for the distribution of the random vector
X if

f(λ) = E(X|λf (X) = λ). (14.61)

This says f(λ) is the average of all data points that project to it, that is, the
points for which it is “responsible.” This is also known as a self-consistency
property. Although in practice, continuous multivariate distributes have
infinitely many principal curves (Duchamp and Stuetzle, 1996), we are

Procrustes Average

1: procedure Procrustes Average:(N × p shapes {X`}L
`=1 )

2: M ← X1 # init the average
3: repeat
4: X ′` ← X`R̂` # M fixed, solve L Procruster rotations R̂`
5: M ← 1

L
∑L
`=1 X ′` # average

6: until convergence
7: end procedure
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Principal Curves and Surfaces
To find a principal curve f (λ) of a distribution, we
consider
f (λ) = [f1(λ), f2(λ), . . . , fp(λ)] its coordinate
functions and let
XT = (X1, . . . ,Xp)

Principal Curves and Surfaces

1: procedure Principal Curve:(f (λ),X )
2: repeat
3: f̂j(λ)← E[Xj |λ(X ) = λ], j = 1, . . . , p,

4: λ̂f (x)← argminλ′
∥∥∥x − f̂ (λ′)

∥∥∥2
.

5: until convergence
6: end procedure

A scatterplot smoother is used to estimate the
conditional expectations in step 3: by smoothing
each Xj as a function of the arc-length ˆλ(X ).
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f(λ) = [f1(λ), f2(λ)]f(λ) = [f1(λ), f2(λ)]f(λ) = [f1(λ), f2(λ)]f(λ) = [f1(λ), f2(λ)]f(λ) = [f1(λ), f2(λ)]f(λ) = [f1(λ), f2(λ)]f(λ) = [f1(λ), f2(λ)]f(λ) = [f1(λ), f2(λ)]f(λ) = [f1(λ), f2(λ)]

FIGURE 14.27. The principal curve of a set of data. Each point on the curve
is the average of all data points that project there.

interested mainly in the smooth ones. A principal curve is illustrated in
Figure 14.27.

Principal points are an interesting related concept. Consider a set of k
prototypes and for each point x in the support of a distribution, identify
the closest prototype, that is, the prototype that is responsible for it. This
induces a partition of the feature space into so-called Voronoi regions. The
set of k points that minimize the expected distance from X to its prototype
are called the principal points of the distribution. Each principal point is
self-consistent, in that it equals the mean of X in its Voronoi region. For
example, with k = 1, the principal point of a circular normal distribution is
the mean vector; with k = 2 they are a pair of points symmetrically placed
on a ray through the mean vector. Principal points are the distributional
analogs of centroids found by K-means clustering. Principal curves can be
viewed as k =∞ principal points, but constrained to lie on a smooth curve,
in a similar way that a SOM constrains K-means cluster centers to fall on
a smooth manifold.

To find a principal curve f(λ) of a distribution, we consider its coordinate
functions f(λ) = [f1(λ), f2(λ), . . . , fp(λ)] and let XT = (X1, X2, . . . , Xp).
Consider the following alternating steps:

(a) f̂j(λ) ← E(Xj |λ(X) = λ); j = 1, 2, . . . , p,

(b) λ̂f (x) ← argminλ′ ||x− f̂(λ′)||2. (14.62)

The first equation fixes λ and enforces the self-consistency requirement
(14.61). The second equation fixes the curve and finds the closest point on
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FIGURE 14.28. Principal surface fit to half-sphere data. (Left panel:) fitted
two-dimensional surface. (Right panel:) projections of data points onto the sur-
face, resulting in coordinates λ̂1, λ̂2.

the curve to each data point. With finite data, the principal curve algorithm
starts with the linear principal component, and iterates the two steps in
(14.62) until convergence. A scatterplot smoother is used to estimate the
conditional expectations in step (a) by smoothing each Xj as a function of

the arc-length λ̂(X), and the projection in (b) is done for each of the ob-
served data points. Proving convergence in general is difficult, but one can
show that if a linear least squares fit is used for the scatterplot smoothing,
then the procedure converges to the first linear principal component, and
is equivalent to the power method for finding the largest eigenvector of a
matrix.

Principal surfaces have exactly the same form as principal curves, but
are of higher dimension. The mostly commonly used is the two-dimensional
principal surface, with coordinate functions

f(λ1, λ2) = [f1(λ1, λ2), . . . , fp(λ1, λ2)].

The estimates in step (a) above are obtained from two-dimensional surface
smoothers. Principal surfaces of dimension greater than two are rarely used,
since the visualization aspect is less attractive, as is smoothing in high
dimensions.

Figure 14.28 shows the result of a principal surface fit to the half-sphere
data. Plotted are the data points as a function of the estimated nonlinear
coordinates λ̂1(xi), λ̂2(xi). The class separation is evident.

Principal surfaces are very similar to self-organizing maps. If we use a
kernel surface smoother to estimate each coordinate function fj(λ1, λ2),
this has the same form as the batch version of SOMs (14.48). The SOM
weights wk are just the weights in the kernel. There is a difference, however:
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Kernel Principal Components

We can select any kernel function, like
radial K (xi , xi′) = e−

‖x−x′‖2
c .

We set M = 11T/N and calculate
double-centered version of K

K̃ = (I −M)K (I −M) = UD2UT

then principal components variables are
Z = UD.

The elements of the mth component zm
(mth column of Z) can be written (up to
centering)
zim =

∑N
j=1 αjmK(xi , xj ), where αjm = ujm

dm
.

Figure: Radial kernel (top) and spectral
clustering without NN (bottom right) on
the previous 3-’circles’ example.
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FIGURE 14.30. Kernel principal components applied to the toy example of Fig-
ure 14.29, using different kernels. (Top left:) Radial kernel (14.67) with c = 2.
(Top right:) Radial kernel with c = 10. (Bottom left): Nearest neighbor radial ker-
nel W from spectral clustering. (Bottom right:) Spectral clustering with Laplacian
constructed from the radial kernel.
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Spectral Clustering

The idea is to put close points into the same cluster.
We form a weighted adjacency graph for data samples.

546 14. Unsupervised Learning

−4 −2 0 2 4

−
4

−
2

0
2

4

x1

x2

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

Number

E
ig

en
va

lu
e

1 3 5 10 15

0 100 200 300 400

Eigenvectors

Index

2n
d 

S
m

al
le

st
3r

d 
S

m
al

le
st

−
0.

05
 0

.0
5

−
0.

05
 0

.0
5

−0.04 −0.02 0.00 0.02

−
0.

06
−

0.
02

0.
02

0.
06

Second Smallest Eigenvector

T
hi

rd
 S

m
al

le
st

 E
ig

en
ve

ct
or

Spectral Clustering

FIGURE 14.29. Toy example illustrating spectral clustering. Data in top left are
450 points falling in three concentric clusters of 150 points each. The points are
uniformly distributed in angle, with radius 1, 2.8 and 5 in the three groups, and
Gaussian noise with standard deviation 0.25 added to each point. Using a k = 10
nearest-neighbor similarity graph, the eigenvector corresponding to the second and
third smallest eigenvalues of L are shown in the bottom left; the smallest eigen-
vector is constant. The data points are colored in the same way as in the top left.
The 15 smallest eigenvalues are shown in the top right panel. The coordinates of
the 2nd and 3rd eigenvectors (the 450 rows of Z) are plotted in the bottom right
panel. Spectral clustering does standard (e.g., K-means) clustering of these points
and will easily recover the three original clusters.

Spectral Clustering

1: procedure SC:(X as N points in Rp, c > 0 scale, k > 0 )
2: sii′ ← exp(−d(i , i ′)2/c) # calculate the similarity matrix
3: W ,G ← zero matrix N × N
4: for i , i ′ symmetric nearest neighbors do
5: wii′ ← sii′ # connect them
6: end for
7: for i ∈ X do
8: gii ←

∑
i′ wii′ # the degree of vertex i

9: end for
10: L← G −W # the graph Laplacian (unnormalized)
11: (or L̃← I − G−1W # (normalized))
12: find m eigenvectors ZN×m with smalest eigenvalues of L
13: return ZN×m rows clustered by standard k −means
14: end procedure
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Spectral Clustering

For any vector f

f T Lf =
N∑

i=1
gii f 2

i −
N∑

i=1

N∑
i′=1

fi fi′wii′

= 1
2

N∑
i=1

N∑
i′=1

wii′(fi − fi′)2.

1T L1 = 0 for any graph.
For a graph with m connected
components,

reordered so that L is a block diagonal
with a block for each component

then L has m eigenvectors of eigenvalue
zero.

In practice zero eigenvalues are
approximated by small eigenvalues.
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FIGURE 14.29. Toy example illustrating spectral clustering. Data in top left are
450 points falling in three concentric clusters of 150 points each. The points are
uniformly distributed in angle, with radius 1, 2.8 and 5 in the three groups, and
Gaussian noise with standard deviation 0.25 added to each point. Using a k = 10
nearest-neighbor similarity graph, the eigenvector corresponding to the second and
third smallest eigenvalues of L are shown in the bottom left; the smallest eigen-
vector is constant. The data points are colored in the same way as in the top left.
The 15 smallest eigenvalues are shown in the top right panel. The coordinates of
the 2nd and 3rd eigenvectors (the 450 rows of Z) are plotted in the bottom right
panel. Spectral clustering does standard (e.g., K-means) clustering of these points
and will easily recover the three original clusters.
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Separating hyperplane, Optimal separating hyperplane

Classification, we encode the goal class by −1 and 1, respectively.
separate the space X by a hyperplane
Linear Discriminant Analysis LDA is not necessary optimal.
Logistic regression finds one if it exists.
Perceptron (a neural network with one neuron) finds separating hyperplane
if it exists.

The exact position depends on initial parameters.Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 4

FIGURE 4.14. A toy example with two classes sep-
arable by a hyperplane. The orange line is the least
squares solution, which misclassifies one of the train-
ing points. Also shown are two blue separating hyper-
planes found by the perceptron learning algorithm with
different random starts.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 4

FIGURE 4.16. The same data as in Figure 4.14.
The shaded region delineates the maximum margin sep-
arating the two classes. There are three support points
indicated, which lie on the boundary of the margin, and
the optimal separating hyperplane (blue line) bisects the
slab. Included in the figure is the boundary found using
logistic regression (red line), which is very close to the
optimal separating hyperplane (see Section 12.3.3).
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Optimal Separating Hyperplane (separble case)

We define Optimal Separating Hyperplane as a separating hyperplane with
maximal free space M without any data point around the hyperplane.
Formally:

max
β,β0,‖β‖=1

M

subject to yi (xT
i β + β0) ≥ M for all i = 1, . . . ,N.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 4

x0
x

β∗
β0 + βT x = 0

FIGURE 4.15. The linear algebra of a hyperplane
(affine set).

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 12
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FIGURE 12.1. Support vector classifiers. The left
panel shows the separable case. The decision boundary
is the solid line, while broken lines bound the shaded
maximal margin of width 2M = 2/‖β‖. The right panel
shows the nonseparable (overlap) case. The points la-
beled ξ∗j are on the wrong side of their margin by an
amount ξ∗j = Mξj; points on the correct side have
ξ∗j = 0. The margin is maximized subject to a total
budget

P

ξi ≤ constant. Hence
P

ξ∗j is the total dis-
tance of points on the wrong side of their margin.

Machine Learning Support Vector Machines 14 546 - 564 May 17, 2023 373 / 390



Formally:
max

β,β0,‖β‖=1
M

subject to yi (xT
i β + β0) ≥ M for all i = 1, . . . ,N.

We re-define: ‖β‖ = 1 can be moved to the condition (and redefine β0):

1
‖β‖

yi (xT
i β + β0) ≥ M

Since for any β and β0 satisfying these inequalities, any positively scaled multiple
satisfies them too, we can set ‖β‖ = 1

M and we get:

min
β,β0

1
2‖β‖

2

subject to yi (xT
i β + β0) ≥ 1 pro i = 1, . . . ,N.

This is a convex optimization problem. The Lagrange function, we look for the
saddle point w.r.t. β and β0:

LP = 1
2‖β‖

2 −
N∑

i=1
αi [yi (xT

i β + β0)− 1].
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LP = 1
2‖β‖

2 −
N∑

i=1
αi [yi (xT

i β + β0)− 1].

Setting the derivatives to zero, we obtain:

β =
N∑

i=1
αiyixi

0 =
N∑

i=1
αiyi

Substituing these in LP we obtain the so–called Wolfe dual:

LD =
N∑

i=1
αi −

1
2

N∑
i=1

N∑
k=1

αiαkyiykxT
i xk

subject to αi ≥ 0
The solution is obtained by maximizing LD in the positive orthant, for which
standard software can be used.
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LD =
N∑

i=1
αi −

1
2

N∑
i=1

N∑
k=1

αiαkyiykxT
i xk

subject to αi ≥ 0.
In addition the solution must satisfy the Karush–Kuhn–Tucker conditions:

αi [yi (xT
i β + β0)− 1] = 0

for any i , therefore for any αi > 0 must [yi (xT
i β + β0)− 1] = 0, that means xi is

on the boundary and for all xi outside the boundary is αi = 0.
The boundary is defined by xi with αi > 0 – so called support vectors.

We classify new observations

Ĝ(x) = sign(xTβ + β0)

where β =
∑N

i=1 αiyixi ,
β0 = ys − xT

s β for any support
vector αs > 0.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 4

FIGURE 4.16. The same data as in Figure 4.14.
The shaded region delineates the maximum margin sep-
arating the two classes. There are three support points
indicated, which lie on the boundary of the margin, and
the optimal separating hyperplane (blue line) bisects the
slab. Included in the figure is the boundary found using
logistic regression (red line), which is very close to the
optimal separating hyperplane (see Section 12.3.3).
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Optimal Separating Hyperplane (nonseparble case)
We have to accept incorrectly classified instances in a non–separable case.
We limit the number of incorrectly classified examples.

We define slack ξ for each data point (ξ1, . . . , ξN) = ξ as follows:
ξi is the distance of xi from the boundary for xi at the wrong side of the
margin
and ξi = 0, for xi at the correct side.

We require
∑N

i=1 ξi ≤ K .
We solve the optimization problem

max
β,β0,‖β‖=1

M

subject to:

yi (xT
i β + β0) ≥ M(1− ξi )

where ∀i is ξi ≥ 0 a
∑N

i=1 ξi ≤ K .

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 12
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FIGURE 12.1. Support vector classifiers. The left
panel shows the separable case. The decision boundary
is the solid line, while broken lines bound the shaded
maximal margin of width 2M = 2/‖β‖. The right panel
shows the nonseparable (overlap) case. The points la-
beled ξ∗j are on the wrong side of their margin by an
amount ξ∗j = Mξj; points on the correct side have
ξ∗j = 0. The margin is maximized subject to a total
budget

P

ξi ≤ constant. Hence
P

ξ∗j is the total dis-
tance of points on the wrong side of their margin.
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Optimal Separating Hyperplane (nonseparble case)

Again, we omit replace the condition ‖β‖ by defining M = 1
‖β‖ and optimize

min ‖β‖ subject to
{

yi (xTβ + β0) ≥ (1− ξi )∀i
ξi ≥ 0,

∑
ξi ≤ constant

We replace the constant by a multiplicative parameter γ and solve

min
β,β0

1
2‖β‖

2 + γ
N∑

i=1
ξi

subject to ξi ≥ 0 and yi (xTβ + β0) ≥ (1− ξi ).
We can set γ =∞ for the separable case.
Large γ: a complex boundary, fewer support vectors.
Small γ: a smooth boundary, a robust model, many support vectors.
γ usually set by crossvalidation.
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We solve

min
β,β0

1
2‖β‖

2 + γ

N∑
i=1

ξi

subject to ξi ≥ 0 and yi (xT
i β + β0) ≥ (1− ξi ).

Lagrange multipliers again for αi , µi :

LP = 1
2‖β‖

2 + γ

N∑
i=1

ξi −
N∑

i=1
αi [yi (xT

i β + β0)− (1− ξi )]−
N∑

i=1
µiξi

Setting the derivative = 0 we get:

β =
N∑

i=1
αiyixi

0 =
N∑

i=1
αiyi

αi = γ − µi .
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Substitute to get Wolfe dual:

LD =
N∑

i=1
αi −

1
2

N∑
i=1

N∑
k=1

αiαkyiykxT
i xk

and maximize LD subject to 0 ≤ αi ≤ γ a
∑N

i=1 αiyi = 0.
Solution satisfies:

αi [yi (xT
i β + β0)− (1− ξi )] = 0

µiξi = 0[
yi (xT

i β + β0)− (1− ξi )
]
≥ 0

The solution is β̂ =
∑N

i=1 α̂iyixi .
support points with nonzero coefficients α̂i are

points at the boundary
ξ̂i = 0 (therefore 0 < α̂i < γ),

and points on the wrong side of the margin
ξ̂i > 0 (and α̂i = γ).

Any point with ξ̂i = 0 can be used to calculate β̂0, typically an average.
β̂0 for a boundary point αi > 0, ξi = 0:

αi

[
yi (xT β̂ + β̂0)− (1− 0)

]
= 0

Parameter γ settled by tuning (crossvalidation).
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SVM Solution
The solution is β̂ =

∑N
i=1 α̂iyixi .

support points with nonzero
coefficients α̂i are

points at the boundary
ξ̂i = 0 (therefore 0 < α̂i < γ),

and points on the wrong side of
the margin

ξ̂i > 0 (and α̂i = γ).

Any point with ξ̂i = 0 can be used
to calculate β̂0, typically an average.

β̂0 for a boundary point ξi = 0:

αi

[
yi (xT β̂ + β̂0)− (1− 0)

]
= 0

α = ξ = 0 for points 1,4,8,9,11
α > 0, ξ = 0 for points 2,6,8
missclassified points 3,5.
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FIGURE 12.7. A simple example illustrates the SVM path algorithm. (left
panel:) This plot illustrates the state of the model at λ = 0.5. The ‘‘ + 1”
points are orange, the “−1” blue. λ = 1/2, and the width of the soft margin
is 2/||β|| = 2 × 0.587. Two blue points {3, 5} are misclassified, while the two or-
ange points {10, 12} are correctly classified, but on the wrong side of their margin
f(x) = +1; each of these has yif(xi) < 1. The three square shaped points {2, 6, 7}
are exactly on their margins. (right panel:) This plot shows the piecewise linear
profiles αi(λ). The horizontal broken line at λ = 1/2 indicates the state of the αi

for the model in the left plot.

(the value used in Figure 12.3), an intermediate value of C is required.
Clearly in situations such as these, we need to determine a good choice
for C, perhaps by cross-validation. Here we describe a path algorithm (in
the spirit of Section 3.8) for efficiently fitting the entire sequence of SVM
models obtained by varying C.

It is convenient to use the loss+penalty formulation (12.25), along with
Figure 12.4. This leads to a solution for β at a given value of λ:

βλ =
1

λ

N∑

i=1

αiyixi. (12.33)

The αi are again Lagrange multipliers, but in this case they all lie in [0, 1].
Figure 12.7 illustrates the setup. It can be shown that the KKT optimal-

ity conditions imply that the labeled points (xi, yi) fall into three distinct
groups:
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(the value used in Figure 12.3), an intermediate value of C is required.
Clearly in situations such as these, we need to determine a good choice
for C, perhaps by cross-validation. Here we describe a path algorithm (in
the spirit of Section 3.8) for efficiently fitting the entire sequence of SVM
models obtained by varying C.

It is convenient to use the loss+penalty formulation (12.25), along with
Figure 12.4. This leads to a solution for β at a given value of λ:

βλ =
1

λ

N∑

i=1

αiyixi. (12.33)

The αi are again Lagrange multipliers, but in this case they all lie in [0, 1].
Figure 12.7 illustrates the setup. It can be shown that the KKT optimal-

ity conditions imply that the labeled points (xi, yi) fall into three distinct
groups:
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Support Vector Machines
Let us have the training data (xi , yi )N

i=1, xi ∈ Rp, yi in {−1, 1}. We define a
hyperplane

{x : f (x) = xTβ + β0 = 0} (13)
where ‖β‖ = 1.
We classify according to

G(x) = sign
[
xTβ + β0

]
where f (x) is a signed distance of x from the hyperplane.
Support vector machines replace the scalar product 〈xi , x〉 by a kernel
function.

f̂ (x) = βx + β̂0

f̂ (x) =
N∑

k=1
α̂iyixT

i x + β̂0

f̂ (x) =
N∑

k=1
α̂iyi〈xi , x〉+ β̂0

f̂ (x) =
N∑

k=1
α̂iyiK (xi , x) + β̂0

Machine Learning Support Vector Machines 14 546 - 564 May 17, 2023 382 / 390



SVM Example
kernel functions are function to replace scalar
product with a scalar product in a transformed
space.

dth Degree polynomial: K (x , x |) = (1 + 〈x , x |〉)d

Radial basis K (x , x |) = exp(−‖x−x |‖2

` )
Neural network K (x , x |) = tanh(κ1〈x , x |〉+ κ2)

For example a degree 2 with two dimensional input:
K (x , x ′) = (1 + 〈x , x ′〉)2 =
(1 + 2x1x ′1 + 2x2x ′2 + (x1x ′1)2 + (x2x ′2)2 + 2x1x ′1x2x ′2)
that is M = 6, h1(x) = 1, h2(x) =

√
2x1,

h3(x) =
√
2x2, h4(x) = x2

1 , h5(x) = x2
2 ,

h6(x) =
√
2x1x2.

The classification function
f̂ (x) = h(x)Tβ+β0 =

∑N
i=1 αiyi〈h(x), h(xi )〉+β0

does not need evaluation of h(i), only the scalar
product 〈h(x), h(xi )〉.
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SVM - Degree-4 Polynomial in Feature Space
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Training Error: 0.180
Test Error:       0.245
Bayes Error:    0.210

SVM - Radial Kernel in Feature Space
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Training Error: 0.160
Test Error:       0.218
Bayes Error:    0.210

FIGURE 12.3. Two nonlinear SVMs for the mixture data. The upper plot uses
a 4th degree polynomial kernel, the lower a radial basis kernel (with γ = 1). In
each case C was tuned to approximately achieve the best test error performance,
and C = 1 worked well in both cases. The radial basis kernel performs the best
(close to Bayes optimal), as might be expected given the data arise from mixtures
of Gaussians. The broken purple curve in the background is the Bayes decision
boundary.
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String Kernels and Protein Classification

668 18. High-Dimensional Problems: p≫ N

first differences to the left, right, above and below the target pixel. This
can be useful for denoising or classifying images. Friedman et al. (2007)
develop fast generalized coordinate descent algorithms for the one- and
two-dimensional fused lasso.

18.5 Classification When Features are Unavailable

In some applications the objects under study are more abstract in nature,
and it is not obvious how to define a feature vector. As long as we can fill
in an N×N proximity matrix of similarities between pairs of objects in our
database, it turns out we can put to use many of the classifiers in our arsenal
by interpreting the proximities as inner-products. Protein structures fall
into this category, and we explore an example in Section 18.5.1 below.

In other applications, such as document classification, feature vectors are
available but can be extremely high-dimensional. Here we may not wish
to compute with such high-dimensional data, but rather store the inner-
products between pairs of documents. Often these inner-products can be
approximated by sampling techniques.

Pairwise distances serve a similar purpose, because they can be turned
into centered inner-products. Proximity matrices are discussed in more de-
tail in Chapter 14.

18.5.1 Example: String Kernels and Protein Classification

An important problem in computational biology is to classify proteins into
functional and structural classes based on their sequence similarities. Pro-
tein molecules are strings of amino acids, differing in both length and com-
position. In the example we consider, the lengths vary between 75–160
amino-acid molecules, each of which can be one of 20 different types, labeled
using letters. Here are two examples, of length 110 and 153, respectively:

IPTSALVKETLALLSTHRTLLIANETLRIPVPVHKNHQLCTEEIFQGIGTLESQTVQGGTV

ERLFKNLSLIKKYIDGQKKKCGEERRRVNQFLDYLQEFLGVMNTEWI

PHRRDLCSRSIWLARKIRSDLTALTESYVKHQGLWSELTEAERLQENLQAYRTFHVLLA

RLLEDQQVHFTPTEGDFHQAIHTLLLQVAAFAYQIEELMILLEYKIPRNEADGMLFEKK

LWGLKVLQELSQWTVRSIHDLRFISSHQTGIP

There have been many proposals for measuring the similarity between a
pair of protein molecules. Here we focus on a measure based on the count
of matching substrings (Leslie et al., 2004), such as the LQE above.

To construct our features, we count the number of times that a given
sequence of length m occurs in our string, and we compute this number

Consider all possible sequences of length m.
We define a feature map

Φm(x) = {φa(x)}a∈Am

The kernel function is the inner product:

Km(x1, x2) = 〈Φm(x1),Φm(x2)〉.
670 18. High-Dimensional Problems: p≫ N
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FIGURE 18.9. Cross-validated ROC curves for protein example using the string
kernel. The numbers next to each method in the legend give the area under the
curve, an overall measure of accuracy. The SVM achieves better sensitivities than
the other two, which achieve better specificities.

18.5.2 Classification and Other Models Using Inner-Product
Kernels and Pairwise Distances

There are a number of other classifiers, besides the support-vector ma-
chine, that can be implemented using only inner-product matrices. This
also implies they can be “kernelized” like the SVM.

An obvious example is nearest-neighbor classification, since we can trans-
form pairwise inner-products to pairwise distances:

||xi − xi′ ||2 = 〈xi, xi〉+ 〈xi′ , xi′〉 − 2〈xi, xi′〉. (18.27)

A variation of 1-NN classification is used in Figure 18.9, which produces
a continuous discriminant score needed to construct a ROC curve. This
distance-weighted 1-NN makes use of the distance of a test points to the
closest member of each class; see Exercise 18.14.

Nearest-centroid classification follows easily as well. For training pairs
(xi, gi), i = 1, . . . , N , a test point x0, and class centroids x̄k, k = 1, . . . ,K
we can write

||x0 − x̄k||2 = 〈x0, x0〉 −
2

Nk

∑

gi=k

〈x0, xi〉+
1

N2
k

∑

gi=k

∑

gi′=k

〈xi, xi′〉, (18.28)
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SVM as a Penalization Method

We fit a linear function wrt. basis
{hi (x)}: f (x) = hTβ + β0.
Consider the loss function
L(y , f ) = [1− yf ]+

The optimization problem
minβ0,β

∑N
i=1[1− yf ]+ + λ‖β‖2

is equivalent to SVM
minβ,β0

1
2‖β‖

2 + γ
∑N

i=1 ξi
subject to ξi ≥ 0 and
yi (xTβ + β0) ≥ (1− ξi ).

is similar to smoothing splines
penalty:

minα,α0

∑N
i=1[1− yf ]+ + λαT Kα

where αT Kα = J(f ) is the
smoothing penalty.

426 12. Flexible Discriminants
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FIGURE 12.4. The support vector loss function (hinge loss), compared to the
negative log-likelihood loss (binomial deviance) for logistic regression, squared-er-
ror loss, and a “Huberized” version of the squared hinge loss. All are shown as a
function of yf rather than f , because of the symmetry between the y = +1 and
y = −1 case. The deviance and Huber have the same asymptotes as the SVM
loss, but are rounded in the interior. All are scaled to have the limiting left-tail
slope of −1.

12.3.2 The SVM as a Penalization Method

With f(x) = h(x)Tβ + β0, consider the optimization problem

min
β0, β

N∑

i=1

[1− yif(xi)]+ +
λ

2
‖β‖2 (12.25)

where the subscript “+” indicates positive part. This has the form loss +
penalty, which is a familiar paradigm in function estimation. It is easy to
show (Exercise 12.1) that the solution to (12.25), with λ = 1/C, is the
same as that for (12.8).

Examination of the “hinge” loss function L(y, f) = [1− yf ]+ shows that
it is reasonable for two-class classification, when compared to other more
traditional loss functions. Figure 12.4 compares it to the log-likelihood loss
for logistic regression, as well as squared-error loss and a variant thereof.
The (negative) log-likelihood or binomial deviance has similar tails as the
SVM loss, giving zero penalty to points well inside their margin, and a
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TABLE 12.1. The population minimizers for the different loss functions in Fig-
ure 12.4. Logistic regression uses the binomial log-likelihood or deviance. Linear
discriminant analysis (Exercise 4.2) uses squared-error loss. The SVM hinge loss
estimates the mode of the posterior class probabilities, whereas the others estimate
a linear transformation of these probabilities.

Loss Function L[y, f(x)] Minimizing Function

Binomial
Deviance log[1 + e−yf(x)] f(x) = log

Pr(Y = +1|x)
Pr(Y = -1|x)

SVM Hinge
Loss

[1 − yf(x)]+ f(x) = sign[Pr(Y = +1|x) − 1
2
]

Squared
Error

[y − f(x)]2 = [1 − yf(x)]2 f(x) = 2Pr(Y = +1|x) − 1

“Huberised”
Square
Hinge Loss

−4yf(x), yf(x) < -1

[1 − yf(x)]2+ otherwise

f(x) = 2Pr(Y = +1|x) − 1

linear penalty to points on the wrong side and far away. Squared-error, on
the other hand gives a quadratic penalty, and points well inside their own
margin have a strong influence on the model as well. The squared hinge
loss L(y, f) = [1 − yf ]2+ is like the quadratic, except it is zero for points
inside their margin. It still rises quadratically in the left tail, and will be
less robust than hinge or deviance to misclassified observations. Recently
Rosset and Zhu (2007) proposed a “Huberized” version of the squared hinge
loss, which converts smoothly to a linear loss at yf = −1.

We can characterize these loss functions in terms of what they are es-
timating at the population level. We consider minimizing EL(Y, f(X)).
Table 12.1 summarizes the results. Whereas the hinge loss estimates the
classifier G(x) itself, all the others estimate a transformation of the class
posterior probabilities. The “Huberized” square hinge loss shares attractive
properties of logistic regression (smooth loss function, estimates probabili-
ties), as well as the SVM hinge loss (support points).

Formulation (12.25) casts the SVM as a regularized function estimation
problem, where the coefficients of the linear expansion f(x) = β0 +h(x)Tβ
are shrunk toward zero (excluding the constant). If h(x) represents a hierar-
chical basis having some ordered structure (such as ordered in roughness),
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SVM and Kernel Dimsension
The first Simulated example

100 observations of each class
First class: four standard normal
independent features
X1,X2,X3,X4.
Second class conditioned on
9 ≤

∑
X 2

j ≤ 16.
Second example

The first one augmented with an
additional six standard Gaussian
noise features.

BRUTTO: Additive spline model.
BRUTTO and MARS has the ability
to ignore noisy features.
We can see the overfitting of SVM.
The degree 2 polynomial kernel is
the best since the decision boundary
is quadratic.
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TABLE 12.2. Skin of the orange: Shown are mean (standard error of the mean)
of the test error over 50 simulations. BRUTO fits an additive spline model adap-
tively, while MARS fits a low-order interaction model adaptively.

Test Error (SE)
Method No Noise Features Six Noise Features

1 SV Classifier 0.450 (0.003) 0.472 (0.003)
2 SVM/poly 2 0.078 (0.003) 0.152 (0.004)
3 SVM/poly 5 0.180 (0.004) 0.370 (0.004)
4 SVM/poly 10 0.230 (0.003) 0.434 (0.002)
5 BRUTO 0.084 (0.003) 0.090 (0.003)
6 MARS 0.156 (0.004) 0.173 (0.005)

Bayes 0.029 0.029

12.3.4 SVMs and the Curse of Dimensionality

In this section, we address the question of whether SVMs have some edge
on the curse of dimensionality. Notice that in expression (12.23) we are not
allowed a fully general inner product in the space of powers and products.
For example, all terms of the form 2XjX

′
j are given equal weight, and the

kernel cannot adapt itself to concentrate on subspaces. If the number of
features p were large, but the class separation occurred only in the linear
subspace spanned by say X1 and X2, this kernel would not easily find the
structure and would suffer from having many dimensions to search over.
One would have to build knowledge about the subspace into the kernel;
that is, tell it to ignore all but the first two inputs. If such knowledge were
available a priori, much of statistical learning would be made much easier.
A major goal of adaptive methods is to discover such structure.

We support these statements with an illustrative example. We generated
100 observations in each of two classes. The first class has four standard
normal independent features X1, X2, X3, X4. The second class also has four
standard normal independent features, but conditioned on 9 ≤∑X2

j ≤ 16.
This is a relatively easy problem. As a second harder problem, we aug-
mented the features with an additional six standard Gaussian noise fea-
tures. Hence the second class almost completely surrounds the first, like the
skin surrounding the orange, in a four-dimensional subspace. The Bayes er-
ror rate for this problem is 0.029 (irrespective of dimension). We generated
1000 test observations to compare different procedures. The average test
errors over 50 simulations, with and without noise features, are shown in
Table 12.2.

Line 1 uses the support vector classifier in the original feature space.
Lines 2–4 refer to the support vector machine with a 2-, 5- and 10-dimension-
al polynomial kernel. For all support vector procedures, we chose the cost
parameter C to minimize the test error, to be as fair as possible to the
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SVM

SVM Complexity

The SVM complexity is m3 + mN + mpN, where m is the number of support
vectors.

Parameter tuning for different radial basis lengthscale γ.
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FIGURE 12.6. Test-error curves as a function of the cost parameter C for the
radial-kernel SVM classifier on the mixture data. At the top of each plot is the
scale parameter γ for the radial kernel: Kγ(x, y) = exp−γ||x− y||2. The optimal
value for C depends quite strongly on the scale of the kernel. The Bayes error
rate is indicated by the broken horizontal lines.

method. Line 5 fits an additive spline model to the (−1,+1) response by
least squares, using the BRUTO algorithm for additive models, described
in Hastie and Tibshirani (1990). Line 6 uses MARS (multivariate adaptive
regression splines) allowing interaction of all orders, as described in Chap-
ter 9; as such it is comparable with the SVM/poly 10. Both BRUTO and
MARS have the ability to ignore redundant variables. Test error was not
used to choose the smoothing parameters in either of lines 5 or 6.

In the original feature space, a hyperplane cannot separate the classes,
and the support vector classifier (line 1) does poorly. The polynomial sup-
port vector machine makes a substantial improvement in test error rate,
but is adversely affected by the six noise features. It is also very sensitive to
the choice of kernel: the second degree polynomial kernel (line 2) does best,
since the true decision boundary is a second-degree polynomial. However,
higher-degree polynomial kernels (lines 3 and 4) do much worse. BRUTO
performs well, since the boundary is additive. BRUTO and MARS adapt
well: their performance does not deteriorate much in the presence of noise.

12.3.5 A Path Algorithm for the SVM Classifier

The regularization parameter for the SVM classifier is the cost parameter
C, or its inverse λ in (12.25). Common usage is to set C high, leading often
to somewhat overfit classifiers.

Figure 12.6 shows the test error on the mixture data as a function of
C, using different radial-kernel parameters γ. When γ = 5 (narrow peaked
kernels), the heaviest regularization (small C) is called for. With γ = 1
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SVM for Regression

In regression, we fit a function: f (x) = xTβ + β0

We consider error function Vε (left figure)
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FIGURE 12.8. The left panel shows the ǫ-insensitive error function used by the
support vector regression machine. The right panel shows the error function used
in Huber’s robust regression (blue curve). Beyond |c|, the function changes from
quadratic to linear.

where

Vǫ(r) =

{
0 if |r| < ǫ,

|r| − ǫ, otherwise.
(12.37)

This is an “ǫ-insensitive” error measure, ignoring errors of size less than
ǫ (left panel of Figure 12.8). There is a rough analogy with the support
vector classification setup, where points on the correct side of the deci-
sion boundary and far away from it, are ignored in the optimization. In
regression, these “low error” points are the ones with small residuals.

It is interesting to contrast this with error measures used in robust re-
gression in statistics. The most popular, due to Huber (1964), has the form

VH(r) =

{
r2/2 if |r| ≤ c,
c|r| − c2/2, |r| > c,

(12.38)

shown in the right panel of Figure 12.8. This function reduces from quadratic
to linear the contributions of observations with absolute residual greater
than a prechosen constant c. This makes the fitting less sensitive to out-
liers. The support vector error measure (12.37) also has linear tails (beyond
ǫ), but in addition it flattens the contributions of those cases with small
residuals.

If β̂, β̂0 are the minimizers of H, the solution function can be shown to
have the form

β̂ =

N∑

i=1

(α̂∗
i − α̂i)xi, (12.39)

f̂(x) =

N∑

i=1

(α̂∗
i − α̂i)〈x, xi〉+ β0, (12.40)

and minimize:

H(β, β0) =
N∑

i=1
Vε(yi − f (xi )) + λ

2 ‖β‖
2
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where

Vǫ(r) =

{
0 if |r| < ǫ,

|r| − ǫ, otherwise.
(12.37)

This is an “ǫ-insensitive” error measure, ignoring errors of size less than
ǫ (left panel of Figure 12.8). There is a rough analogy with the support
vector classification setup, where points on the correct side of the deci-
sion boundary and far away from it, are ignored in the optimization. In
regression, these “low error” points are the ones with small residuals.

It is interesting to contrast this with error measures used in robust re-
gression in statistics. The most popular, due to Huber (1964), has the form

VH(r) =

{
r2/2 if |r| ≤ c,
c|r| − c2/2, |r| > c,

(12.38)

shown in the right panel of Figure 12.8. This function reduces from quadratic
to linear the contributions of observations with absolute residual greater
than a prechosen constant c. This makes the fitting less sensitive to out-
liers. The support vector error measure (12.37) also has linear tails (beyond
ǫ), but in addition it flattens the contributions of those cases with small
residuals.

If β̂, β̂0 are the minimizers of H, the solution function can be shown to
have the form

β̂ =

N∑

i=1

(α̂∗
i − α̂i)xi, (12.39)

f̂(x) =

N∑

i=1

(α̂∗
i − α̂i)〈x, xi〉+ β0, (12.40)
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SVM for Regression 2

The solution has the form: α̂i , α̂
∗
i ≥ 0

12.3 Support Vector Machines and Kernels 435

-4 -2 0 2 4

-1
0

1
2

3
4

-4 -2 0 2 4

0
2

4
6

8
10

12

ǫ−ǫ c−c

V
H

(r
)

V
ǫ
(r

)

rr

FIGURE 12.8. The left panel shows the ǫ-insensitive error function used by the
support vector regression machine. The right panel shows the error function used
in Huber’s robust regression (blue curve). Beyond |c|, the function changes from
quadratic to linear.

where

Vǫ(r) =

{
0 if |r| < ǫ,

|r| − ǫ, otherwise.
(12.37)

This is an “ǫ-insensitive” error measure, ignoring errors of size less than
ǫ (left panel of Figure 12.8). There is a rough analogy with the support
vector classification setup, where points on the correct side of the deci-
sion boundary and far away from it, are ignored in the optimization. In
regression, these “low error” points are the ones with small residuals.

It is interesting to contrast this with error measures used in robust re-
gression in statistics. The most popular, due to Huber (1964), has the form

VH(r) =

{
r2/2 if |r| ≤ c,
c|r| − c2/2, |r| > c,

(12.38)

shown in the right panel of Figure 12.8. This function reduces from quadratic
to linear the contributions of observations with absolute residual greater
than a prechosen constant c. This makes the fitting less sensitive to out-
liers. The support vector error measure (12.37) also has linear tails (beyond
ǫ), but in addition it flattens the contributions of those cases with small
residuals.

If β̂, β̂0 are the minimizers of H, the solution function can be shown to
have the form

β̂ =

N∑

i=1

(α̂∗
i − α̂i)xi, (12.39)

f̂(x) =

N∑

i=1

(α̂∗
i − α̂i)〈x, xi〉+ β0, (12.40)

and solve the quadratic programming problem
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where α̂i, α̂
∗
i are positive and solve the quadratic programming problem

min
αi,α∗

i

ǫ
N∑

i=1

(α∗
i + αi)−

N∑

i=1

yi(α
∗
i − αi) +

1

2

N∑

i,i′=1

(α∗
i − αi)(α

∗
i′ − αi′)〈xi, xi′〉

subject to the constraints

0 ≤ αi, α
∗
i ≤ 1/λ,

N∑

i=1

(α∗
i − αi) = 0, (12.41)

αiα
∗
i = 0.

Due to the nature of these constraints, typically only a subset of the solution
values (α̂∗

i − α̂i) are nonzero, and the associated data values are called the
support vectors. As was the case in the classification setting, the solution
depends on the input values only through the inner products 〈xi, xi′〉. Thus
we can generalize the methods to richer spaces by defining an appropriate
inner product, for example, one of those defined in (12.22).

Note that there are parameters, ǫ and λ, associated with the criterion
(12.36). These seem to play different roles. ǫ is a parameter of the loss
function Vǫ, just like c is for VH . Note that both Vǫ and VH depend on the
scale of y and hence r. If we scale our response (and hence use VH(r/σ) and
Vǫ(r/σ) instead), then we might consider using preset values for c and ǫ (the
value c = 1.345 achieves 95% efficiency for the Gaussian). The quantity λ
is a more traditional regularization parameter, and can be estimated for
example by cross-validation.

12.3.7 Regression and Kernels

As discussed in Section 12.3.3, this kernel property is not unique to sup-
port vector machines. Suppose we consider approximation of the regression
function in terms of a set of basis functions {hm(x)},m = 1, 2, . . . ,M :

f(x) =
M∑

m=1

βmhm(x) + β0. (12.42)

To estimate β and β0 we minimize

H(β, β0) =
N∑

i=1

V (yi − f(xi)) +
λ

2

∑
β2

m (12.43)

for some general error measure V (r). For any choice of V (r), the solution

f̂(x) =
∑
β̂mhm(x) + β̂0 has the form

f̂(x) =

N∑

i=1

âiK(x, xi) (12.44)

subject to the constraints
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for some general error measure V (r). For any choice of V (r), the solution

f̂(x) =
∑
β̂mhm(x) + β̂0 has the form

f̂(x) =

N∑

i=1

âiK(x, xi) (12.44)

Support vectors are those with nonzero (α̂∗i − α̂i ).
With scaled response y , you may use the default ε.
λ is tuned by cross-validation.
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