
Constraint Programming
Roman Barták

Department of Theoretical Computer Science and Mathematical Logic

Constraint Modeling



How Is CSP used in practice?

• Exploiting the principles of constraint satisfaction, but 
programming them ad-hoc for a given problem.
– flexibility (complete customisation to a given problem)
– speed (for a given problem)
– expensive in terms of initial development and maintenance

• Exploiting an existing constraint solver.
– usually integrated to a host language as a library
– contains core constraint satisfaction algorithms
– the user can focus on problem modelling
– It is hard to modify low-level implementation (domains,…)
– sometimes possible to implement own constraints
– frequently possible to implement own search strategies



Declarative model

Constraint modeling

A typical structure of constraint models:

declare_variables( Variables),

post_constraints( Variables),

labeling( Variables ).

Definition of variables 
and their  domains

Definition of 
constraints

Control part
• exploration of space of assignments
• assigning values to variables
• looking for one, all, or optimal solution



N-queens

Propose a constraint model for solving the N-queens problem (place N 
queens to a chessboard of size NxN such that there is no conflict).
Variables: X 1,É, Xn, Y 1,É, Yn
Domain: 1,É,N
Constraints:

all_different ({X 1,É, Xn}),
all_different ({Y 1,É, Yn}),
! i <j: |X i Ð Xj | \ = |Y i Ð Yj |
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N-queens: a better model

!"# $%&&'()*+,##)&*-.*/.0,1)&2*,&#*.)03*4%"'%50#&*6."*".7&

Variables: X 1,É, Xn

Domain: 1,É,N
Constraints:

all_different ({X 1,É, Xn}),
! i <j: |X i Ð Xj | \ = j - i

Solutions (for 4 queens) in the form (Xi,Yi)
[2,4,1,3]
[3,1,4,2]

Model properties:
! !"#"$%&'$(')*"+%,-%+.'**"$%+/'/"%+0'1"2
! !"#"$%134+/$'(4/+%,-%!'+/"$%0$30'5'/(342

Remove symmetrical solutions:
X1 =< ceiling(N/2) 

!"#$%&!''()" symmetry breaking constraint



Seesaw problem

!"#$%&'()#*+
Adam (36 kg), Boris (32 kg) and Cecil (16 kg)
want to sit on a seesaw with the length 10 foots
such that the minimal distances between them are more than 2 
foots and the seesaw is balanced.

, -'./0&12.0$*'3#)+
A,B,C in -5..5 position
36*A+32*B+16*C = 0 equilibrium state
|A-B|>2, |A-C|>2, |B-C|>2 minimal distances
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Seesaw problem:  a different perspective
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A,B,C in - 5..5,
A =< 0,
36*A+32*B+16*C = 0,
abs(A - B)>2,
abs(A - C)>2,
abs(B - C)>2

A in - 4..0
B in - 1..5
C in - 5..5

A,B,C in - 5..5,
A =< 0,
36*A+32*B+16*C = 0,
cumulative([task(A,3,_,1,1),task(B,3,_,1,2),

task(C,3,_,1,3)],[limit(1)]),
A in - 4..0
B in - 1..5
C in ( - 5.. - 3) \ / ( - 1..5)

abs(A - B)>2,
abs(A - C)>2,
abs(B - C)>2
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Assignment problem

!"#$%&'()#*+
There are 4 workers and 4 products and a table describing the 
efficiency of producing the product by a given worker. The task is 
assign workers to products (one to one) in such a way that the 
total efficiency is at least 19.

, -'./0&12.0$*'3#)+
W1,W2,W3,W4 in 1..4 a product per worker
all_different ([W1,W2,W3,W4]) different products
T1,W1+T2,W2+T3,W3+T4,W4 ! 19 total efficiency
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Assignment problem - a dual model
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: - use_module(library(clpfd)).

assignment _dual ( Product s): -
Products = [P1,P2,P3,P4],

domain(Products,1,4),
all_different(Products),
element(P1,[7,8,4,3],EP1),
element(P2,[1,2,3,1],EP2),
element(P3,[3,5,7,6],EP3),
element(P4,[4,1,2,3],EP4),
EP1+EP2+EP3+EP4 #>= 19,

labeling([ff], Products ).

P1 in 1..2
P2 in 1..4
P3 in 2..4
P4 in 1..4

Number of choice points

Primal model 15
Dual model 11
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Assignment problem - composing models
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: - use_module(library(clpfd)).

assignment _combined (Workers): -
Workers= [W1,W2,W3,W4],
domain(Workers,1,4),
all_different(Workers),
element(W1,[7,1,3,4],EW1),
element(W2,[8,2,5,1],EW2),
element(W3,[4,3,7,2],EW3),
element(W4,[3,1,6,3],EW4),
EW1+EW2+EW3+EW4 #>= 19,

Products = [P1,P2,P3,P4],
domain(Products,1,4),
all_different(Products),
element(P1,[7,8,4,3],EP1),
element(P2,[1,2,3,1],EP2),
element(P3,[3,5,7,6],EP3),
element(P4,[4,1,2,3],EP4),
EP1+EP2+EP3+EP4 #>= 19,

assignment(Workers,Products),

labeling([ff],Workers).

We can combine both primal and dual model
in a single model to get better domain pruning.

P1 in 1..2
P2 in 1..4
P3 in 2..4
P4 in 1..4

W1 in 1.. 4
W2 in 1..4
W3 in 1..4
W4 in 1..4

W1 in ( 1..2 ) \ / { 4}
W2 in 1..4
W3 in 2..4
W4 in 2..4



Golomb ruler
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Golomb ruler – a model
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Golomb ruler - some results
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Course summary

!"#$%&'(#%)$'%($*'+%("#)($)')%,+-#"."/0)*"&)!"#$%&%'()"*
+,$)(-.*#,/0(-%',&(%$*1,2'(/(3%'(,-4*2&,0$"/+1
5,-+'&%(-'*/,!"$(-.
– describing problems as constraint satisfaction problems 

(variables, domains, constraints)
5,-+'&%(-'*+%'(+6%#'(,-
– local search techniques
– combination of depth-first search with inference 

(constraint propagation/consistency techniques)
– ad-hoc algorithms encoded in global constraints
– soft constraints to express preferences
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