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Jirka Fink: Optimization methods

Plan of the lecture

@ Linear and integer optimization
@ Convex sets and Minkowski-Weyl theorem
@ Simplex methods

Duality of linear programming

Ellipsoid method

Unimodularity

Matroid
Cut and bound method

°
°
°
@ Minimal weight maximal matching
°
°
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Jirka Fink: Optimization methods

General information
E-mail fink@ktiml.mff.cuni.cz
Homepage https:/ktiml.mff.cuni.cz/fink/
Consultations Individual schedule

Examination

@ Tutorial conditions

@ Tests
@ Theoretical homeworks
@ Practical homeworks

@ Pass the exam
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Jirka Fink: Optimization methods
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0 Linear programming
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Example of linear programming: Optimized diet

Express using linear programming the following problem

Find the cheapest vegetable salad from carrots, white cabbage and cucumbers
containing required amount the vitamins A and C and dietary fiber.

Food Carrot White cabbage Cucumber | Required per meal
Vitamin A [mg/kg] 35 0.5 0.5 0.5 mg
Vitamin C [mg/kg] 60 300 10 15 mg
Dietary fiber [g/kg] 30 20 10 49

Price [EUR/kg] 0.75 0.5 0.15

v

Formulation using linear programming

Carrot
Minimize  0.75x4
subjectto  35x

60X

3OX1

White cabbage

0.5x5 +
0.5X2 +
300x2 4k
20x5 1=

Cucumber
0.15x3
0.5x3
10x3
10x3

X1,X2,X3

VIV IV IV

Cost
0.5 Vitamin A
15 Vitamin C

4 Dietary fiber
0

v
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Matrix notation of Linear programming problem

Formulation using linear programming

Minimize 0.75xy + 0.5x> + 0.15x3

subjectto  35x + 05x» + 05x3 > 05
60X+ + 300x> + 10x3 > 15

30x; + 20xo + 10x3 > 4

X1,X2,X3 > 0

V.

Matrix notation

@ Minimize
15\ | /x
10 X2
3 X3
35 05 05 X1 0.5
60 300 10 X2 | > | 15
30 20 10 X3 4
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@ Subject to

@ aXi,X2,X3 Z 0

v




Notation: Vector and matrix

A matrix of type m x nis a rectangular array of m rows and n columns of real numbers.
Matrices are written as A, B, C, etc.

A vector is an n-tuple of real numbers. Vectors are written as ¢, x, y, etc. Usually,
vectors are column matrices of type n x 1.

A scalar is a real number. Scalars are written as a, b, c, etc.

Special vectors
0 and 1 are vectors of zeros and ones, respectively.

Transpose

The transpose of a matrix A is matrix A" created by reflecting A over its main diagonal.
The transpose of a column vector x is the row vector x".
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Notation: Matrix product

Elements of a vector and a matrix
@ The i-th element of a vector x is denoted by x;.
@ The (i, j)-th element of a matrix A is denoted by A; ;.
@ The i-th row of a matrix A is denoted by A, ..
@ The j-th column of a matrix A is denoted by A, ;.

Dot product of vectors

The dot product (also called inner product or scalar product) of vectors x,y € R” is the
scalar Xy = >, xiy,.

| A

| \

Product of a matrix and a vector

The product Ax of a matrix A € R™*" of type m x n and a vector x € R” is a vector
y €eR"suchthaty, = A, xforalli=1,...,m.

Product of two matrices

The product AB of a matrix A € R™*" and a matrix B € R™* a matrix C € R™* such
that C,; = AB, jforallj=1,... k.

| \

\
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Notation: System of linear equations and inequalities

Equality and inequality of two vectors

For vectors x,y € R” we denote
@ x=yifx;=y,foreveryi=1,...,nand
e x<yifx;<yforeveryi=1,...,n.

System of linear equations

Given a matrix A € R™*" of type m x n and a vector b € R”, the formula Ax = b
means a system of m linear equations where x is a vector of n real variables.

System of linear inequalities

Given a matrix A € R™*" of type and a vector b € R", the formula Ax < b means a
system of m linear inequalities where x is a vector of n real variables.

Example: System of linear inequalities in two different notations

X1
2x1 4+ x2 + x3 < 14 (2 ! 1) X <<14)
X3

2 5 5 30

2x;1 + bxo + 5x3 < 30

v

Jirka Fink Optimization methods 10



Optimization
Mathematical optimization

is the selection of a best element (with regard to some criteria) from some set of
available alternatives.

v
Examples

@ Minimize x? + y® where (x, y) € R?
@ Maximal matching in a graph

@ Minimal spanning tree
@ Shortest path between given two vertices

Optimization problem

Given a set of solutions M and an objective function f : M — R, optimization problem is
finding a solution x € M with the maximal (or minimal) objective value f(x) among all
solutions of M.

Duality between minimization and maximization

If minyeum f(Xx) exists, then also max,em —f(x) exists and
— Minkem f(X) = maxyem —f(X).

v
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Linear Programming

Linear programming problem

A linear program is the problem of maximizing (or minimizing) a given linear function
over the set of all vectors that satisfy a given system of linear equations and
inequalities.

Equation form: min ¢"x subjectto Ax = b,x >0
Canonical form: maxc'x subject to Ax < b,
wherecc R",bc R™", Ac R™""ax € R".

Conversion from the equation form to the canonical form
max —c"x subjectto Ax < b, —Ax < —b,—x <0

Conversion from the canonical form to the equation form

min —c"x’ + ¢"x” subject to Ax’ — Ax” + Ix"" = b, x',x", x"" >0
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Terminology

Basic terminology

@ Number of variables: n

Number of constrains: m

Solution: an arbritrary vector x of R”

Objective function: e.g. maxc'x

Feasible solution: a solution satisfying all constrains, e.g. Ax < b
Optimal solution: a feasible solution maximizing ¢"x

Infeasible problem: a problem having no feasible solution

Unbounded problem: a problem having a feasible solution with arbitrary large
value of given objective function

@ Polyhedron: a set of points x € R” satisfying Ax < b for some A € R”*" and
beR"

@ Polytope: a bounded polyhedron
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Example of linear programming: Network flow

Network flow problem

Given a direct graph (V, E) with capacities ¢ € RE and a source s € V and a sink
t € V, find the maximal flow from s to ¢ satisfying the flow conservation and capacity
constrains.

| A

Formulation using linear programming

Variables: flow f, for every edge e € E
Capacity constrains: 0 < f < ¢
Flow conservation: Y7 . fuw = >,z fuw forevery ve V\ {s, t}
Objective function: Maximize

sweE fow — ZUSEE fus

Matrix notation
e Add an auxiliary edge x:s with a sufficiently large capacity ¢:s
Objective function: max x;s

Flow conservation: Ax = 0 where A is the incidence matrix
Capacity constrains: x < cand x > 0
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Graphical method: Set of feasible solutions

Draw the set of all feasible solutions (x1, x2) satisfying the following conditions.

X1 + 6x2, < 15
4x4 = Xo < 10
X1 + x2 < A1

X17X2 Z
X2—X1S1

X2 >0

4x1 — X2 < 10

v
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Graphical method: Optimal solution

Find the optimal solution of the following problem.

Maximize  x; + X2

X1 + 6x> < 15
4x4 = X2 < 10
X1 + X2 < 1
X17X2 2
v
Solution
cixi=15
&5 =2
c'x =1
c'x=0
7/”(0,0)
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Graphical method: Multiple optimal solutions

Find all optimal solutions of the following problem.

Maximize 1xi + Xz

X1 + 6x> < 15
4x4 = X2 < 10
X1 + X2 < 1

X1,X2 > 0

2
5

(0,0) §/

v
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Graphical method: Unbounded problem

Show that the following problem is unbounded.

Maximize  x; + X2
X1 + X2 < 1
X17X2 Z O

(0,0)

v
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Graphical method: Infeasible problem

Show that the following problem has no feasible solution.

Maximize xi + x>
X1 + X2 <
X17X2 2 0

X2 >0

x1 >0

(0,0)

g)ﬁ +Xx2 < -2
v
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Related problems

Integer linear programming

Integer linear programming problem is an optimization problem to find x € Z" which
maximizes ¢'x and satisfies Ax < b where A € R™" and b € R".

Mix integer linear programming
Some variables are integer and others are real.

Binary linear programming

Every variable is either 0 or 1.

Complexity
@ A linear programming problem is efficiently solvable, both in theory and in practice.

@ The classical algorithm for linear programming is the Simplex method which is fast
in practice but it is not known whether it always run in polynomial time.

@ Polynomial time algorithms the ellipsoid and the interior point methods.
@ No strongly polynomial-time algorithms for linear programming is known.
@ Integer linear programming is NP-hard.

v
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Example of integer linear programming: Vertex cover

Vertex cover problem

Given an undirected graph (V, E), find the smallest set of vertices U C V covering
every edge of E; thatis, UU e # () for every e € E.

Formulation using integer linear programming

Variables: cover x, € {0, 1} for every vertex v € V
Covering: x, + x, > 1 for every edge uv € E
Objective function: Minimize »° ., Xv

Matrix notation

Variables: cover x € {0,1}" (i.e.0 <x <1and x € Z")
Covering: A"x > 1 where A is the incidence matrix
Objective function: Minimize 17x
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Relation between optimal integer and relaxed solution

Non-empty polyhedron may not contain an integer solution

* Integral optimum
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Example: Ice cream production planning

Problem description

@ An ice cream manufacturer needs to plan production of ice cream for next year
@ The estimated demand of ice cream for month j € {1, ..., n} is d; (in tons)

@ Storage facilities for 1 ton of ice cream cost a per month

@ Changing the production by 1 ton from month i — 1 to month / cost b

@ Produced ice cream cannot be stored longer than one month

@ The total cost has to be minimized

Jirka Fink Optimization methods px}



Example: Ice cream production planning

@ Variable x; determines the amount of produced ice cream in month i € {0, ..., n}
@ Variable s; determines the amount of stored ice cream from month / — 1 month i
@ The stored quantity is computed by s; = s;_1 + x; — d, forevery i € {1,...,n}
Durability is ensured by s; < d;foralli € {1,...,n}

Non-negativity of the production and the storage x,s > 0
Objective function min b >, [x; — X;_1| + a_[_, §; is non-linear

e o6 o

Lety;, > 0 and z; > 0 be the increment and the decrement of production, reps.,
andx; —Xi_1 =Y, — 2,
Linear programming problem formulation

Minimize  bY" (¥, +2z)+ad>..,si

subject to Si_1—Si+X| = d; forie{1,...,n}
S; < d; forie{1,...,n}
X,8,Y,2 > 0

We can bound the initial and final amount of ice cream sy a s,

(]

and also bound the production x,
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Finding shortest paths from a vertex s in an oriented graph

Linear programming problem

Maximize >, Xu
subjectto  x, — xy
Xs

c,, for every edge uv
0

[ IA

Proof (the optimal solution x7, gives the distance from s to u Vu € V)

@ Lety, be the length of the shortest path from s to u

@ It holds that y > x*

o Let P be edges on the shortest path from s to z

° Yy, = ZuvePcUV > WXy —XE=X5 - Y5 =X;
© It holds that y = x*

o For the sake of contradiction assume that y # x*

o Soy>x*and > cy ¥y >3 evXs . .
o But y is a feasible solution and x* is an optimal solution
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e Linear, affine and convex sets
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Linear space

Definition: Linear (vector) space
A set (V,+, ) is called a linear (vector) space over a field T if
@ +:VxV— Vie. Visclosed under addition +
-2 T x V —= Vie. Vis closed under multiplication by T
(V,+) is an Abelian group
Forevery x € Vitholdsthat1-x =xwhere1 € T
For every a,b € T and every x € Vit holds that (ab) - x = a- (b x)
For every a,b e T and every x € Vit holds that (a+ b) - x =a-x+ b-x

o
o
o
o
o
@ Foreveryae T andevery x,y € Vitholdsthata - (x +y)=a-x+a-y

Observation

If Vis alinear space and L C V, then L is a linear space if and only if
e0clL,
@ x+ye Lforevery x,y € Land

@ ax e LforeveryxeLanda e T.
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Linear and affine spaces in R”

A non-empty set V C R" is a linear space if and only if ax + By € V for all o, 8 € R,
x,yeV.

If V C R"is alinear space and a € R" is a vector, then V + aiis called an affine space
where V+a={x+a; xe V}.

@ If L C R"is an affine space, then L + x is an affine space for every x € R".
@ If L C R"is an affine space, then L — x is a linear space for every x ¢ L. ©
@ If L C R"is an affine space, then L —x = L — y forevery x,y € L. ®

@ An affine space L C R" is linear if and only if L contains the origin 0. ®

System of linear equations

@ The set of all solutions of Ax = 0 is a linear space and every linear space is the
set of all solutions of Ax = 0 for some A. @

@ The set of all solutions of Ax = b is an affine space and every affine space is the
set of all solutions of Ax = b for some A and b, assuming Ax = b is consistent. ®

V.
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© 06 0 ©O

By definition, L = V + a for some linear space V and some vector a € R".
Observe that L — x = V + (a — x) and we prove that V + (a — x) = V which
implies that L — x is a linear space. There exists y € V suchthatx =y + a.
Hence,a—x =a—y —a= —y € V. Since V is closed under addition, it follows
that V + (a — x) C V. Similarly, V — (a — x) C V which implies that

V C V+(a—x). Hence, V = V + (a — x) and the statement follows.

We proved that L = V + a for some linear space V C R” and some vector a € R”
andL—x=V+(a—x)=VforeveryxelL.So,L—x=V=L-y.

Every linear space must contain the origin by definition. For the opposite
implication, we set x = 0 and apply the previous statement.

If Vis a linear space, then we can obtain rows of A from the basis of the
orthogonal space of V.

If Lis an affine space, then L = V + a for some vector space V and some vector a
and there exists a matrix A such that V = {x; Ax =0}. Hence,

V+a={x+a Ax=0} ={y; Ay — Aa=0} = {y; Ay = b} where we
substitute x + a = y and set b = Aa.

If L ={x; Ax = b} is non-empty, then let y be an arbitrary vertex of L.
Furthermore, L—y ={x—y; Ax =b} ={z; Ay + Az=b} ={z;, Az=0}isa
linear space since Ay = b.
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Convex set

Observation

A set S C R" is an affine space if and only if S contains whole line given every two
points of S.

Definition
A set S C R"is convex if S contains whole segment between every two points of S.

Example
;a
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Linear, affine and convex hulls

@ The intersection of linear spaces is also a linear space. @
@ The non-empty intersection of affine spaces is an affine space. @
@ The intersection of convex sets is also a convex set. ®

Let S C R” be an non-empty set.

@ The linear hull span(S) of S is the intersection of all linear sets containing S.
@ The affine hull aff(S) of S is the intersection of all affine sets containing S.
@ The convex hull conv(S) of S is the intersection of all convex sets containing S.

Let S C R” be an non-empty set.
@ A set Sis linear if and only if S = span(S). @
@ A set Sis affine if and only if S = aff(S). ®
@ A set Sis convex if and only if S = conv(S). ®
@ span(S) = aff(Su {0})

v
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@ Use definition and logic.

© Let L, be affine space for i in an index set / and L = nj¢/L; and a € L. We proved
that L — a = (,,(L; — @) is a linear space which implies that L is an affine space.

© Use definition and logic.
© Similar as the convex version.
@ Similar as the convex version.

© We proved that conv(S) is convex, so if S = conv(S), then S is convex. In order to
prove that S = conv(S) if S is convex, we observe that conv(S) C S since
conv(S) = y>s.mconvex @Nd S is included in this intersection. Similarly,
conv(S) D S since every M in the intersection contains S.
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Linear, affine and convex combinations

Let v4, ..., vk be vectors of R” where k is a positive integer.
@ The sum ZL a;Vv; is called a linear combination if a1, ..., ax € R.
@ The sum Y . a;v; is called an affine combination if a1, . ..,ax € R 32K o = 1.
@ The sum 3k, av; is called a convex combination if a1, . . ., a, > 0 and
Zﬁ(:1 ap=1.

v
Lemma

Let S C R"” be a non-empty set.

@ The set of all linear combinations of S is a linear space. @
@ The set of all affine combinations of S is an affine space. @

@ The set of all convex combinations of S is a convex set. ®

Lemma

@ A linear space S contains all linear combinations of S. @
@ An affine space S contains all affine combinations of S. ®

@ A convex set S contains all convex combinations of S. ®

4
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@ We have to verify that the set of all linear combinations has closure under addition
and multiplication by scalars. In order to verify the closure under multiplication, let
Sk, aiv; be a linear combination of S and ¢ € R be a scalar. Then,

CZL oV = ZL (cai)viis a linear combination of of S. Similarly, the set of all
linear combinations has closure under addition and it contains the origin.

@ Similar as the convex version: Show that S contains whole line defined by
arbitrary pair of points of S.

Q Let >, aju; and 37)_, Bv; be two convex combinations of S. In order to prove
that the set of all convex combinations of S contains the line segment between
S, au; and 2;21 B;v;, let us consider v1,72 > 0 such that 41 + 72 = 1. Then,
T ZL1 a4+ 72 2;21 Biv; = Zﬁ(ﬂ (y1ei)ui + 2;21 (wgﬁ,-)v,- is a convex
combination of S since (y1a,), (v26) > 0 and Yof (view) + 3oj_4 (123) = 1.

@ Similar as the convex version.

Q Let ¥, ayv; be an affine combination of S. Since S — v is a linear space, the
linear combination ZL aj(vi — vi) of S — v, belongs into S — vi. Hence,

Vi + 0K ai(vi — vk) = 32K, av; belongs to S.

© We prove by induction on k that S contains every convex combination ZL a;v; of
S. The statement holds for k < 2 by the definition of a convex set. Let ZL Vi
be a convex combination of k vectors of S and we assume that ax < 1, otherwise
a1 =---=ax1 =080 3 av;= v, € S. Hence,

S aivi=(1 —ak) K, 2 v + avk = (1 — ak)y + axvk where we observe

i=1 1—oy
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thaty := ZL f—;kv; is a convex combination of k — 1 vectors of S which by
induction belongs to S. Furthermore, (1 — ax)y + axVk is a convex combination of

S which by induction also belongs to S.
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Linear, affine and convex combinations

Let S C R” be a non-empty set.
@ The linear hull of a set S is the set of all linear combinations of S. ®
@ The affine hull of a set S is the set of all affine combinations of S. ®

@ The convex hull of a set S is the set of all convex combinations of S. ®
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@ Similar as the convex version.
@ Similar as the convex version.

© Let T be the set of all convex combinations of S. First, we prove that conv(S) C T.
The definition states that conv(S) = (55 uconvex M @nd we proved that T is a
convex set containing S, so T is included in this intersection which implies that
conv(S) is a subset of T.

In order to prove conv(S) D T, we again consider the intersection

conv(S) = My>s.mcomvex M- We proved that a convex set M contains all convex
combinations of M which implies that if M O S then M also contains all convex
combinations of S. So, in this intersection every M contains T which implies that
conv(S) D T.
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Independence and base

Definition

@ A set of vectors S C R” is linearly independent if no vector of S is a linear
combination of other vectors of S.

@ A set of vectors S C R" is affinely independent if no vector of S is an affine
combination of other vectors of S.

Observation (Homework)

@ Vectors vy, ..., vk € R” are linearly dependent if and only if there exists a
non-trivial combination av, . .., ax € R such that Sk, a;v; = 0.

@ Vectors v,..., v, € R” are affinely dependent if and only if there exists a
non-trivial combination av, . .., ax € R such that 3K, ayv; =0a >k, a; = 0.

@ Vectors vy, ..., vk € R are affinely independent if and only if vectors
Vi —Vo,...,Vk — Vo are linearly independent. ©

@ Vectors v1,..., v, € R” are linearly independent if and only if vectors 0, v1, . .., vk
are affinely independent. @

4
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@ If vectors vi — vy, ..., Vv, — Vg are linearly dependent, then there exists a

non-trivial combination a4, ..., ax € R such that Z,.L ai(vi — vo) = 0. In this
case, 0 = 3, ai(V; — Vo) = 31 aivi — Vo o4 @i = S0 ¥ i @ non-trivial
affine combination with >-¥ | a; = 0 where ag = — 3K, an.

fvo,..., vk € R" are affinely dependent, then there exists a non-trivial
combination ao, .. ., ax € R such that 3% ja;v; =0a > a; = 0. In this case,
0=>"F,aVi=agVo+ XK, aivi = 3, ai(vi — Vo) is a non-trivial linear
combination of vectors vi — vo, ..., Vx — Vo.

© Use the previous observation with vy = 0.
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Basis

Definition
LetBCR"and S C R".
@ Bis a base of a linear space S if B are linearly independent and span(B) =

S
@ Bis an base of an affine space S if B are affinely independent and aff(B) = S.

@ All linear bases of a linear space have the same cardinality.

@ All affine bases of an affine space have the same cardinality. ©

v

Let S be a linear space and B C S\ {0}. Then, B is a linear base of S if and only if
B U {0} is an affine base of S.

4

@ The dimension of a linear space is the cardinality of its linear base.
@ The dimension of an affine space is the cardinality of its affine base minus one.
@ The dimension dim(S) of a set S C R" is the dimension of affine hull of S.
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@ For the sake of contradiction, let a1, ...,ax and b+, ..., b, be two basis of an affine
space L = V + x where V alinear space and / > k. Then, a; — x,...,ax — x and
by — x, ..., b, — x are two linearly independent sets of vectors of V. Hence, there
exists i such that a1 — x, ..., ax — x, b; — x are linearly independent, so

ai,...,a, b; are affinely independent. Therefore, b; cannot be obtained by an
affine combination of ay, ..., ax and b; ¢ aff(ay, ..., ax) which contradicts the
assumption that ay, . . . , ax is a basis of L.
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Carathéodory

Theorem (Carathéodory)

Let S C R". Every point of conv(S) is a convex combinations of affinely independent
points of S. @

Let S C R" be a set of dimension d. Then, every point of conv(S) is a convex
combinations of at most d + 1 points of S.
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@ Letx € conv(S). Letx = ZL a;X; be a convex combination of points of S with
the smallest k. If x4, ..., x, are affinely dependent, then there exists a combinatio
0 =3 Bix; such that > 8 = 0 and B # 0. Since this combination is non-trivial,
there exists j such that ; > 0 and %}’_’ is minimal. Let ; = a; — a;ff. Observe that
© X =3 iXi
o Zl#j Yi = 1
o ni>0forallji#j
which contradicts the minimality of k.
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e Simplex method
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Notation used in the Simplex method

@ Equation form: Maximize ¢"x such that Ax = band x > 0
where A€ R™ " and b € R™.

@ We assume that rows of A are linearly independent.

@ For asubset BC {1,...,n}, let Ag be the matrix consisting of columns of A
whose indices belong to B.

@ Similarly for vectors, xg denotes the coordinates of x whose indices belong to B.
@ Theset N={1,...,n}\ B denotes the remaining columns.

v

Consider B = {2,4}. Then, N = {1,3,5} and
1 3560 (3 6 (1 50
A:<2 4 8 9 7) AB‘(4 9) A’V_(z 8 7)
x"=(3,4,6,2,7) X5 = (4,2) xy = (3,6,7)
Note that Ax = Agxs + AnXn.

v
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Geometrical interpretation of basis solutions

@ For a system Ax = b with n variables and n linearly independent conditions, there
exists the inverse matrix A~' and the only feasible solution of Ax = b is
x*=A"b.

@ Consider a system Ax < b with n = rank(A) variables and m > n conditions and
select n linearly independent rows A'x < b’. Then, the system A'x = b’ has a
solution x* = A~'b’.

Moreover, if Ax* < b, then x* is a vertex of the polyhedron Ax < b. ©

© Consider the equation form Ax = b and x > 0 and let N be n — m rows of x > 0.
If rows of the system Ax = 0 and xy = 0 are linearly independent, then
b = Ax = Agxs + AnXn = AgXB, SO X* = (XE,XE) = (Ag1b,0) where
B={1,...,n}\ N.
Moreover, if x5z > 0, then x* is a vertex of Ax = b and x > 0.

@ Consider the equation form again. If we choose m linearly independent columns B
of A, then conditions Ax = b and x5 = 0 are linearly independent.
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@ The solution x* = A'~'b’ will be called a basis solution. Vertices of a polyhedron
will be formally defined later, so we use a geometrical intuition now.
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Basic feasible solutions

Definitions
Consider the equation form Ax = b and x > 0 with n variables and rank(A) = m rows.
@ Aset BC {1,...,n} of linearly independent columns of A is called a basis. ®

@ The basic solution x corresponding to a basis B is xy =0 and xg = A§1b.
@ A basic solution satisfying x > 0 is called a basic feasible solution.
@ xjp are called basis variables and xy are called non-basis variables. @

Observation

A feasible solution x of a Ax = b and x > 0 is basis if and only if columns of Ak are
linearly independent where K = {j € {1,...,n}; x; > 0}. ® @

Observation

Linear program in the equation form has at most () basis solutions. ®
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@ Observe that BC {1,...,n} is a basis if and only if Ag is a regular matrix.
© Remember that non-basis variables are always equal to zero.

© If x is a basic feasible solution and B is the corresponding basis, then xy = 0 and
so K C B which implies that columns of Ak are also linearly independent.
If columns of Ak are linearly independent, then we can extend K into B by adding
columns of A so that columns of Ag are linearly independent which implies that B
is a basis of x.

@ Note that basis variables can also be zero. In this case, the basis B corresponding
to a basis solution x may not be unique since there may be many ways to extend
K into a basis B. This is called degeneracy.

© There are () subsets B C {1,...,n} and for some of these subsets Az may not
be regular.
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Optimal basis feasible solutions

If the linear program max ¢"x subject to Ax = b and x > 0 has a feasible solution and
the objective function is bounded from above of the set of all feasible solutions, then
there exists an optimal solution.

Moreover, if an optimal solution exists then there is a basis feasible solution which is
optimal. ©

If the objective function of a linear program in the equation form is bounded above,
then for every feasible solution x’ there exists a basis feasible solution x* with the
same or larger value of the objective function, i.e. ¢"x* > ¢'x’. @
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@ |If the problem is bounded, one may try to find the optimal solution by finding all
basis feasible solutions. However, this is not an efficient algorithm since the
number of basis grows exponentially.

2]

Let x* be a feasible solution with ¢Tx* > ¢Tx’ and the smallest possible size of the set
K = {je{1,...,n}; X} >o}. Let N ={1,...,n} \ K.

If columns of Ak are linearly independent, then x* is a basis solution.

There exists a non-zero vector vk such that Axvkx = 0. Let vy = 0.

WLOG: ¢"v > 0 since we can replace v by —v.

Consider the line x(t) = x* + tv for t € R.

For every t € R: Ax(t) = band (x(t))y =0.

For every t > 0: ¢"x(t) > ¢'x.

If ¢Tv > 0 and v > 0, then points x(t) are feasible for every t > 0 and the objective
function eTx(t) = ¢Tx* + tcTv converges to infinity which contradicts assuptions.

If v; < 0forsome j € K, then consider j € K with v; < 0 and minimal f’v Let
/
= va . Since x(f) > 0 and (x()); = 0, the solution x (%) is feasible with smaller
J
number of positive components than x* which is a contradiction.
The remaining case is ¢'v = 0 and v; > 0. Since v is a non-trivial combination, there
exists j € K with v; > 0. Replace v by —v and apply the previous case.
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Convex polyhedrons

Definition

® A hyperplaneis a set {x € R"; a'x = b} where a € R"\ {0} and b € R.
@ A half-spaceis aset {x € R"; a'x < b} where a€ R"\ {0} and b € R.
@ A polyhedron is an intersection of finitely many half-spaces.

@ A polytope is a bounded polyhedron.

Observation

For every a € R” and b € R, the set of all x € R” satisfying a’x < b is convex.

Every polyhedron Ax < b is convex.

@ n-dimensional hypercube: {x e R”; 0 < x <1}

@ n-dimensional crosspolytope: {x € R”; 37, |x;| <1} @
o n-dimensional simplex: {x € R™"; x >0,1x =1} ®
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@ Formally, 37, |x;| < 1is not a linear inequality. However, it can be replaced by 2"
linear inequalities dx < 1 foralld € {—1,1}".

@ n-dimensional simplex is a convex hull of n+ 1 affinely independent points.
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Faces of a polyhedron

Definition

Let P be a polyhedron. A half-space a"x < 3 is called a supporting hyperplane of P if
the inequality a"x < $ holds for every x € P and the hyperplane a"x = 3 has a
non-empty intersection with P.

Definition

| \

If a™x < B is a supporting hyperplane of a polyhedron P, then PN {x; a'x = 8} is
called a face of P.

By convention, the empty set and P are also called faces, and the other faces are
proper faces. ©

Definition
Let P be a d-dimensional polyhedron.

@ A 0-dimensional face of P is called a vertex of P.
@ A 1-dimensional face is of P called an edge of P.
@ A (d — 1)-dimensional face of P is called an facet of P.
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@ Observe, that every face of a polyhedron is also a polyhedron.
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@ The set of all optimal solutions of a linear program max ¢"x over a polyhedron P is
aface of P. ©

@ Every proper face of P is a set of all optimal solutions of a linear program max cx
over a polyhedron P for some c ¢ R”. ® ®

@ Vertices are unique solutions of linear programs max c¢"x over P for some c.

Let P be the set of all solutions of a linear program in the equation form and v € P.
Then the following statements are equivalent.

@ v is a vertex of a polyhedron P.
@ v is a basis feasible solution of the linear program. ®

v

Theorem

If the linear program max ¢"x subject to Ax = b and x > 0 has a feasible solution and
the objective function is bounded from above of the set of all feasible solutions, then
there exists an optimal solution.

Moreover, if an optimal solution exists then there is a basis feasible solution which is
optimal.
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@ Let F be the set of all optimal solutions. If F = @ or F = P, then F is a face of P by
definition. Otherwise, d = max {¢"x; x € P} exists. Since ¢'x = disa
supporting hyperplane of P and F = PN {x; ¢'x = d}, it follows that F is a face
of P.

© A proper face F of P is defined as the intersection of P and a supporting
hyperplane ¢"x = d, so F is the set of all optimal solutions of the linear program
maxc'x over P.

© Note that P is also the set of all optimal solutions of a linear program for ¢ = 0. On
the other hand, if P is non-empty and bounded, then the empty set cannot be
express as a set of all optimal solutions for any c.
© = Follows from the following theorem.
< Let B be the basis defining v and let cg = 0 and ¢y = —1. Then
cTv = cLvg + cl,vy = 0 and for every feasible x it holds holds that x > 0, so ¢Tx < 0.

Hence, v is a optimal solution of the linear program with the objective function max ¢x.
Furthermore, v is the only optimal solution since every optimal solution x must satisfy
xy = 0. In this case, x5 = A5 'bis unique.
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Example: Initial simplex tableau

Canonical form

Maximize X X2
subjectto  —x; + X2 < 1
X1 < 3
X2 < 2
X1,X2 > 0

Equation form

Maximize x1 + X2
subjectto —xy + X2 + Xa
X4 +  Xa =
X2 + X5 =
X1,X2,X3,X4,X5 >

Simplex tableau

o W=

1
X4 = 3 - X1

X5 = 2 — X2
z = X1 + X2

y
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Example: Initial simplex tableau
Simplex tableau

X3 = 1 4+ X4 - X
Xa = 3 — X

X5 = 2 — X2
z = X1 + X

Initial basic feasible solution

e B={3,4,5}, N={1,2}
e x=(0,0,1,3,2)

Two edges from the vertex (0,0, 1,3, 2):
@ (t,0,1+¢,3 —t,2)when x; is increased by t
@ (0,r,1—r,3,2—r)when x; is increased by r
These edges give feasible solutions for:
Q@ t<3sincexs=1+t>0andxs,=3—t>0andxs=2>0
Q r<isincexs=1—-r>0andx;=3>0andxs=2—-r>0
In both cases, the objective function is increasing. We choose x» as a pivot.

v
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Example: Pivot step

Simplex tableau

1 +

X4 = 3 - X1

X5 = 2 — X2
z = X1 + X2

Bass .|
@ Original basis B = {3, 4,5}
@ Xx» enters the basis (by our choice).
@ (0,r,1—r,3,2—r)is feasible for r < 1sincexs=1—r>0.
@ Therefore, x3 leaves the basis.
@ New base B={2,4,5}

New simplex tableau

1 + X1
X4 = 3 - X1
Xxs = 1 — X1 + X3
z =1 4+ 2x1 — X3

y
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Example: Next step

Simplex tableau

X2 = 1 + Xy - X3
X4 = 3 - X

Xxs = 1 — Xy + X3
z =1 4+ 2x1 — X3

@ Basis B = {2,4,5} with a basis feasible solution (0,1,0,3,1).

@ This vertex has two incident edges but only one increases the objective function.
@ The edge with increasing objective function is (f,1+¢,0,3 — t,1 — ).

@ Feasible solutionsforxo =1+t>0andx, =3—-t>0andxs=1—-1>0.

@ Therefore, x1 enters the basis and xs leaves the basis.

V.

New simplex tableau

Xx = 1 4+ X3 — Xs
X2 2 - X5
Xs = 2 — X3 + Xs
z = 3 + X3 — 2Xs

4
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Example: Last step

Simplex tableau

Xt = 1 4+ X3 — Xs
X = 2 = Xs
Xs = 2 — X3 + Xs
z = 3 + X3 — 2Xs

@ Basis B = {1,2,4} with a basis feasible solution (1,2, 0,2, 0).

@ This vertex has two incident edges but only one increases the objective function.
@ The edge with increasing objective function is (1 + t,2,t,2 — t,0).

@ Feasible solutionsforx; =1+t>0andx, =2>0andxs =2—-1t> 0.

@ Therefore, x5 enters the basis and x4 leaves the basis.

V.

New simplex tableau

X1 = 3 — X4

X = 2 — X5
X3 = 2 — X4 + Xs
V4 = 5 — x4 — X5

4
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Example: Optimal solution
Simplex tableau

X1 = 3 — X4

X = 2 - X5
X3 = 2 — X4 + Xs
zZ = 5 — X4 — Xs

v

No other pivot

@ Basis B = {1, 2,3} with a basis feasible solution (3,2,2,0,0).
@ This vertex has two incident edges but no one increases the objective function.

@ We have an optimal solution.

o

Why this is an optimal solution?

@ Consider an arbitrary feasible solution j.

@ The value of objective functionis Z=5—y, — ..

@ Since y,,¥s > 0, the objective valueisz=5—y, — y; <5=z.

V.
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Example: Unboundedness

Maximize X1

subjectto x;1 — x» < 1
X1 + X2 < 2
X1, X2 2 0

v

Equation form

Maximize X1
subject to X1 — X2 + X3
X1 + X2 + X4 =
X1,X2,X3,X4 > 0

1

4

Initial simplex tableau

X1 + X2
X4 = 2 + X1 — X2
z = X1

v
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Example: Unboundedness
Simplex tableau

1T — xi + X
X4 = + X1 — X2
V4 = X1

First pivot
@ Basis B = {3, 4} with a basis feasible solution (0,0, 1, 2).
@ This vertex has two incident edges but only one increases the objective function.

@ The edge with increasing objective function is (¢,0,1 — £,2 + f).
@ Feasible solutions forx3 =1 —-t>0andx, =2+t > 0.
@ Therefore, x1 enters the basis and x5 leaves the basis.

Simplex tableau

= 1 + X2 — X3
X4 = 3 — X3
z =1 4+ X2 — X3

V.
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Example: Unboundedness

Simplex tableau

Unboundedness
@ Basis B = {1,4} with a basis feasible solution (1,0, 0, 3).
@ This vertex has two incident edges but only one increases the objective function.
@ The edge with increasing objective function is (1 + ¢, ¢,0, 3).
@ Every point (1 + ¢, t,0,3) for t > 0 is feasible.
@ The value of the objective function is 1 + ¢.
@ Therefore, this problem is unbounded.
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Example: Degeneracy

Canonical form

Maximize X2

subjectto —x;1 + x2 < 0
X1 < 2
X1 ) X2 2 0

Convert to the equation form by adding
slack variables x3 and x4.

Same solution with different basis

X2 X1 — X3
Xs = 2 — X
zZ = X1 — X3

Basis feasible solution (0, 0,0, 2) with
the basis {2,4}.

Initial simplex tableau

X3 = X1 — X2
Xs = 2 — X
z = X2

Basis feasible solution (0, 0, 0, 2) with
the basis {3,4}.

Optimal simplex tableau
X1 = 2 — X4
Xo = 2 — X3 — Xa
V4 = 2 — X3 — Xa

Optimal solution (2,2, 0,0) with the
basis {1,2}.
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Simplex tableau in general

Definition
A simplex tableau determined by a feasible basis B is a system of m + 1 linear

equations in variables x1, . .., X, and z that has the same set of solutions as the
system Ax = b, z = ¢"x, and in matrix notation looks as follows:

Xg = p + Qxpn
zZ = Zy -+ fTXN

where x5 is the vector of the basis variables, xy is the vector on non-basis variables,
peR”, reR™", Qisan mx (n— m) matrix, and z, € R.
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Simplex tableau in general

A simplex tableau determined by a feasible basis B is a system of m + 1 linear
equations in variables x1, . .., X,, and z that has the same set of solutions as the

system Ax = b, z = ¢"x, and in matrix notation looks as follows:

X = p + Qxy
zZ = Zy -+ fTXN

where xg is the vector of the basis variables, xy is the vector on non-basis variables,
peR™ reR"™™ Qisan mx (n— m) matrix, and z, € R.

v

For each basis B there exists exactly one simplex tableau, and it is given by
o Q=-A;'Ay
e p=A;'b
@ zy=CpAg'b
o r=cy—(chAz'Ay)’ @

v
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Since Agxg + Ayxy = b and Ag is a regular matrix,

it follows that x5 = Ag'b — Az Ayxy

where A§1b =pand A§1AN =Q.

The objective function is €Lxg + Chxn = €LA;'b — (€A ' Ay + €L)Xn,
where ¢LA; b = zg and cfAL 1Ay + ¢, = "
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Properties of a simplex tableau

Simplex tableau in general

XB

p + QXN
f XN

Observation
Basis B is feasible if and only if p > 0.

Observation
If r < 0, then the solution corresponding to a basis B is optimal.

Idea of the pivot step

Choose v € N. Which is the last feasible point of the half-line x(t) for t > 0 where
o x,(t)=t
© Xmvy(t) =0
o xg(t)=p+ Q. vt?

If there exists a non-basis variable x, such that r, > 0 and Q.,, > 0, then the problem
is unbounded.

y
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Pivot step

Simplex tableau in general

XB p + Qxpy
zZ = Zy -+ fTXN

Find a pivot

@ If r <0, then we have an optimal solution.
@ Otherwise, choose an arbitrary entering variable x, such that r, > 0.
@ If Q.,v > 0, then the problem is also unbounded.

@ Otherwise, find a leaving variable x, which limits the increment of the entering
variable most strictly, i.e. Qu,v < 0 and — £ is minimal.
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Pivot rules

Pivot rules
Largest coefficient Choose an improving variable with the largest coefficient.

Largest increase Choose an improving variable that leads to the largest absolute
improvement in z, e.i. €"(Xnew — Xoig) is maximal.

Steepest edge Choose an improving variable whose entering into the basis moves the
current basic feasible solution in a direction closest to the direction of
the vector ¢, i.e.

CT(Xnew — Xold)
||Xnew - Xold||

Bland’s rule Choose an improving variable with the smallest index, and if there are
several possibilities of the leaving variable, also take the one with the
smallest index.

Random edge Select the entering variable uniformly at random among all improving
variables.
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Pivot step

Simplex tableau in general

= p + QXN
zZ = Zy -+ rr XN

Gaussian elimination

@ New basis variables are (B \ {u}) U {v} and new non-basis variables are
(N\{v}H) u{u}
® Row Xy =P, + QuuXv + 3w vy Qu ,-x,- is replaced by

row Xy = —Q v + Qu, qu + ZIGN\{V} —Qu VX"
Rows xi = p; + QivXv + > jcp vy Qi for i € B\ {u} are replaced by

Qv Qi y Q ,'QI',V
rows X; = (p; + qupu) 4e quxu+zj€,\,\{v}(0,,, + jé,u,v )X;.

Objective function z = zp + ryx, + ZieN\{v} rix; is replaced by

=)+ = XU+E/€N\{V}(’/+ vo[,v)x/

(]

(]

@ objective function z = (

.

Observation
Pivot step does not change the set of all feasible solutions.
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Bland'’s rule

Simplex tableau in general

zZ = 2z -+ fTXN

Observation

Let B is a basis with the corresponding solution x’ and let B a new basis with the
corresponding solution X after a single pivot step. Then, x’ = X or ¢"x’ < ¢'x. @

Observation

If the simplex method loops endlessly, then basis occuring in the loop correspond to
the same vertex. @

The simplex method with Bland’s pivot rule is always finite. ©
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2]

Consider the half-line x(t) providing the pivot step and let

t=max{t > 0; x(t) > 0}. Clearly, ¢"x = x(f). If t = 0, then X = x(0) = x'. I
>0, then c¢'™x = ¢"x() = 20 + rvT > z0 = ¢'x’ since r; > 0.

Consider that the simplex method iteraters over basis B1),..., B® Bk+) = ")
with the corresponding solutions x(V ... x®) x*+1) — x(V) By the previous
observation holds that ¢"x(") < ¢"™x® < ... < ¢"™x®) < ¢"x(**1) = ¢"x(), Hence,
c¢'x = ... = ¢"x(**1 and the previous observation implies that

XD — = k1)

For the sake of contradiction, we assume that the simplex method with Bland’s
pivot rule loops endlessly. Consider all basis in the loop. Let F be the set of all
entering variables and let x, € F be the variable with largest index. Let B be a
basis in the loop just before x, enters. Note that variables of B\ F and N\ B are
always basis and non-basis variables during the loop, respectively. Consider the
following auxiliary problem.

Maximize  ¢"x

subject to Ax = b
XF\(vi = 0
Xv S 0 (*)
XmF = 0
XB\F = RlB\F‘

We prove that (x) has an optimal solution and it is also unbounded which is a
contradiction.
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e ry > 0 since xy is the entering variable
o r; <0foreveryiec (FnN)\{v} since xy is the improving variable with the smallest
index (Bland’s rule)
o For every solution x satisfying (x) holds that
c'™x =z +r"xy =2y +rix, + r(TFmN)\{V}x(FmN)\{,,} + r{,\FxN\F < z.

@ Hence, the solution corresponding to the basis B is an optimal solution to (x).
Now, we prove that (%) is unbounded.

o Let B be a basis in the loop just before x, leaves and let Q’, p’ and r’ be the parameter
of the simplex tableau corresponding to B’.
Let x, be the entering variable. Hence, r}, > 0.
Qj , < 0since v is the leaving variable.
From Bland’s rule it follows that Q; , > 0 for every i € (F N B') \ {v}
Py~ = 0since degenerated basis variables are zero
Consider the half-line x(t) for t > 0 where x,(t) = t and X\ 1,1 (t) = 0 and
Xp (1) =P/ + Qb
X(Frn)\ {u} (1) = 0 since non-basis variables remains zero
xi(t) =p; + Q; ,t > 0foreveryie (FNB')\ {v}
Hence, XF\{V}(t) >0
xy(t)=p, +Q, ,t <0
Xn\F(t) = 0 since non-basis variables remains zero
Hence, x(t) satisfies (x) for every t > 0
r{f > 0 since Xy is the entering variable
c'x(t)=z)+r,t = ocofort— oo
Hence, (%) is unbounded.
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Initial feasible basis

Linear programming problem in the equation form

@ Maximize ¢"x subjectto Ax = b and x > 0.
@ Assume thatb >0 @

Auxiliary problem

|

We add auxiliary variables y € R to obtain the auxiliary problem
maximize —y, —--- — ¥, subjectto Ax + ly =bax,y > 0.

|

Observation

Initial feasible basis for the auxiliary problemis B = {y,,...,¥,,} with the initial tableau
z = 1 + (1TAx

Observation

The following statements are equivalent
@ The original problem max {c¢"x; Ax = b, x > 0} has a feasible solution.
© Optimal value of the objective function of the auxiliary problem is 0.
© Auxiliary problem has a feasible solution satisfying y = 0.

|

A,
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@ We multiply every equation with negative right hand side by —1.
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0 Duality of linear programming
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Duality of linear programming: Example
Find an upper bound for the following problem

Maximize 2x; + 3x2

subjectto 4x1 + 8x, < 12
2x1 + x2 < 3

3x; + 2x> < 4

X1,X2 > 0

v

Simple estimates

@ 2x1 + 3X2 < 4xq +8x, <12 ®
@ 2x1 + 3x2 < %(4X1 —|—8X2) <6 ®
@ 2X1 + 3X2 = %(4X1 + 8X> + 2X1 -I—Xg) <5 ®

What is the best combination of conditions?

Every non-negative linear combination of inequalities which gives an inequality
dix1 + da2x2 < hwith d; > 2 and d» > 3 provides the upper bound
2x1 + 3x2 < dix1 + doxo < h.
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@ The first condition
@ A half of the first condition
© A third of the sum of the first and the second conditions
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Duality of linear programming: Example

Consider a non-negative combination y of inequalities

Maximize 2x; + 3x32

subjectto 4x; + 8xp < 12 /.y,
2x1 + X2 < 38 /¥,
31 + 2x2 < 4 /.y,

X1,X2 > 0

v
Observations

@ Every feasible solution x and non-negative combination y satisfies
(4y, + 2y, +3y3)x1 + 8y, + ¥, + 2¥3)x2 < 12y, + 3y, + 4ys.

o If4y, +2y,+3y; >2and 8y, +y, +2y; > 3,
then 12y, + 2y, + 4y, is an upper for the objective function.

Dual program ©

Minimize 12y, + 2y, + 4y,

subjectto 4y, + 2y, + 3y; > 2
8y, + ¥y, + 2y > 3
y17y25y3 Z 0

V.
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@ The primal optimal solution is x™ = (3, 2) and the dual solution is y" = (5,0

both with the same objective value 4.75.
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Duality of linear programming: General

Primal linear program

Maximize ¢"x subjectto Ax < band x >0

Dual linear program
Minimize b"y subjectto A"y > candy >0

Weak duality theorem

For every primal feasible solution x and dual feasible solution y hold ¢"x < b"y.

If one program is unbounded, then the other one is infeasible.

Duality theorem

Exactly one of the following possibilities occurs
@ Neither primal nor dual has a feasible solution
@ Primal is unbounded and dual is infeasible
@ Primal is infeasible and dual is unbounded
@ There are feasible solutions x and y such that ¢"x = b"y
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Dualization

Every linear programming problem has its dual, e.g.

@ Maximize ¢"x subject to Ax > b and x > 0 — Primal program

@ Maximize ¢"x subject to —Ax < —b and x > 0 — Equivalent formulation
@ Minimize —b"y subject to —A"y > ¢ and y > 0 — Dual program

@ Minimize b"y subject to Ay > ¢ and y < 0 — Simplified formulation

A dual of a dual problem is the (original) primal problem

@ Minimize b"y subject to A"y > ¢ and y > 0 — Dual program

@ -Maximize —b"y subject to ATy > ¢ and y > 0 — Equivalent formulation
@ -Minimize ¢"x subject to Ax > —b and x < 0 — Dual of the dual program
@ -Minimize —c"x subject to —Ax > —b and x > 0 — Simplified formulation
@ Maximize ¢"x subject to Ax < b and x > 0 — The original primal program

Jirka Fink Optimization methods 66



Dualization: General rules

Primal linear program | Dual linear program
Variables X1,...,Xn Yieos¥m
Matrix A AT
Right-hand side b c
Objective function maxc'x minb'y
Constraints | i-the constraint has < y,>0
i-the constraint has > y; <0
i-the constraint has = Y, eR
x; >0 Jj-th constraint has >
x; <0 j-th constraint has <
X € R Jj-th constraint has =

Jirka Fink
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Linear programming: Feasibility versus optimality

Feasibility versus optimality

Finding a feasible solution of a linear program is computationally as difficult as finding
an optimal solution.

Using duality
The optimal solutions of linear programs
@ Primal: Maximize ¢"x subject to Ax < band x > 0
@ Dual: Minimize by subjectto ATy > candy >0
are exactly feasible solutions satisfying

Ax < b
Aly > ¢
c'x > by
x,y > 0
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Complementary slackness

Feasible solutions x and y of linear programs
@ Primal: Maximize ¢"x subject to Ax < band x >0
@ Dual: Minimize b"y subjectto ATy > candy > 0
are optimal if and only if
@ x;=00rAl,y=cforeveryi=1,....,nand
@y, =0o0rA;,x=b;foreveryj=1,...,m.

n n m m
c'x=>cxi <Y (VAN =y Ax=>y(A.x)<> yb=>by
= =i

J=1 J=1
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Proof of duality using simplex method with Bland’s rule

@ Primal: Maximize ¢"x subject to Ax < band x >0
@ Primal with slack variables: Maximize ¢Tx subject to Ax =band X >0 @
@ Dual: Minimize b"y subjectto ATy > candy >0

Simplex tableau

:p+OxN
—Zo+fXN

Simplex tableau is unique for every basis B

e Q= _AB1AN
ep=A;"b
° 20:5T317\§1b

@r==~cy— (ETB/_AE1Z\N)T

v
Lemma

If Bis a basis with an optimal solution X* of the primal problem, then y* = (¢"A5")" is
an optimal solution of the dual problem and ¢"™x* = by*. ®

y
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@ X is obtained from x by adding slack variables. So, A = (A|/) and ¢T = (c",0).

@ o The primal optimal solution is X5 = A5 'band Xy = 0
o
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Proof of duality using simplex method with Bland’s rule

Lemma

If B is a basis with an optimal solution X* of the primal problem, then y* = (c_TZ\g‘)T is
an optimal solution of the dual problem and ¢"x* = b"y*.

Duality theorem (shorted version)

If the primal problem is feasible and bounded, the dual problem has an optimal solution
with the same optimum value as the primal.

V.

Corollary of the weak duality theorem

If one program is unbounded, then the other one is infeasible.

Duality theorem (longer version)

Exactly one of the following possibilities occurs
@ Neither primal nor dual has a feasible solution
@ Primal is unbounded and dual is infeasible

© Primal is infeasible and dual is unbounded
@ There are feasible solutions x and y such that ¢"x = b"y
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Fourier—Motzkin elimination: Example

Goal: Find a feasible solution

2x — b5y + 4z

< 10
3x — 6y + 38z < 9
5 4+ 10y - z < 15
-Xx + Sy - 2z < -7
-3x + 2y + 6z < 12
Express the variable x in each condition
x < 5 + 3y - 2z
x < 3 + 2y — =z
x < 38 — 2y + 1z
x > 7 + by — 2z
x > -4 + %y 4+ 2z
Eliminate the variable x
The original system has a feasible solution if and only if there exist y and z satisfying
2 . 5 1
max 7+5y—22,—4+§y+2z < min 5+§y722,3+2y—z,3—2y+§z

”
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Fourier—Motzkin elimination: Example
Rewrite into a system of inequalities

Real numbers y and z satisfy
max {7 + 5y —2z,—4+ 2y + 2z} <min{5+ 3y —22,3+2y — 2,832y + Lz} if
and only they satisfy

7 + 5y — 2z < 5 + 3y - 2z
7 4+ 5y - 2z < 3 4+ 2y — =z
7 + 5y — 2z < 3 — 2y + lz
-4 + 2y + 2z < 5 + %y - 2z
-4 4+ 2y + 2z < 3 + 2y - z
-4 + %y + 22 < 3 - 2y + iz

v
Overview

@ Eliminate the variable y, find a feasible evaluation of z a and compute y a x.

@ In every step, we eliminate one variable; however, the number of conditions may
increase quadratically.

@ If we start with m conditions, then after n eliminations the number of conditions is
up to 4(m/4)?" .

v
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Fourier—Motzkin elimination: In general

Let Ax < b be a system with n > 1 variables and m inequalities. There is a system
A'x" < b’ with n — 1 variables and at most max {m, m?/4} inequalities, with the
following properties:

@ Ax < b has a solution if and only if A’x’ < b’ has a solution, and

@ each inequality of A'x’ < b’ is a positive linear combination of some inequalities
from Ax < b.

@ WLOG: Ay € {—1,0,1}foralli=1,...,m

Q LetC={i; Ay=1}, F={i; A,y =—1}and L= {i; A; =0}

© Let A'x’ < b’ be the system of n — 1 variables and |C| - |F| + |L| inequalities
jeCkeF: (A.+Au)x < bi+bc (1)
lel: A/,*X < b, (2)

@ Assuming A'x’ < b’ has a solution x’, we find a solution x of Ax < b:
o (1)is equivalentto A, x’' — by < b; — Al/. X forallje C,keF,

e which is equivalent to maxycr {A;( X = bk} < minjec {b/ — AI’. *x’}
e Choose x1 between these bounds and x = (x4, x’) satisfies Ax < b

V.
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Farkas lemma

Proposition (Farkas lemma, 3rd version)

Let Ae R™"and b € R™. Then, the system Ax < b has a solution x € R” if and only if
every non-negative y € R™ with yTA = 0" satisfies y"b > 0.

Proof (overview)

= If x satisfies Ax < b and y > 0 satisfies y"A=0", then y'™b > y"Ax > 0'x =0

<« If Ax < b has no solution, the find y > 0 satisfying y*A = 0" and y"b < 0 by the
induction on n

n=0 e The system Ax < b equals to 0 < b which is infeasible, so b; < 0 for some i
Choose y = g (the i-th unit vector)
n>0 Using Fourier—Motzkin elimination we obtain an infeasible system A’x’ < b’

There exists a non-negative matrix M such that (0]A’) = MA and b’ = Mb
By induction, there exists ¥’ > 0, y’TA’ =07, y’b’ < 0

We verify that y = MTy’ satisfies all requirements of the induction
y=My >0

yTA=(M"y')'A=y"MA=yT(0|A") =0

y'b = (M"y')'b=y'TMb = y'Tb’ < 0T
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Farkas lemma

Proposition (Farkas lemma)

Let Ac R™"and b € R™. The following statements hold.
@ The system Ax = b has a non-negative solution x € R” if and only if every y € R™
with yTA > 0" satisfies y"b > 0.
© The system Ax < b has a non-negative solution x € R” if and only if every
non-negative y € R™ with y*A > 0" satisfies y'b > 0.
© The system Ax < b has a solution x € R” if and only if every non-negative y € R™
with yTA = 0" satisfies y™b > 0.

Proof of the equivalence of variants of Farkas lemma
Exercise :)

Jirka Fink Optimization methods 76



Farkas lemma

Definition
A cone generated by vectors ay, ...,a, € R is the set of all non-negative
combinations of a;,...,an, i.e. {37 ai@; ai,...,an > 0}.

Proposition (Farkas lemma geometrically)

Letai,...,an, b € R™. Then exactly one of the following two possibilities occurs:
@ The point b lies in the cone generated by ay, . .., an.

@ There exists a hyperplane h = {x € R™; y'x = 0} containing 0 for some y € R"
separating a1,...,a,and b, i.e. y"a; > 0foralli=1,...,nand y™b < 0.

Proposition (Farkas lemma)

Let A€ R™" and b € R™. Then exactly one of the following two possibilities occurs:
@ There exists a vector x € R” satisfying Ax = b and x > 0.
@ There exists a vector y € R™ satisfying yTA > 0 and y™b < 0.
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Hyperplane separation theorem

Theorem (strict version)

Let C, D C R" be non-empty, closed, convex and disjoint sets and C be bounded.
Then, there exists a hyperplane a'x = b which strictly separates C and D;
thatis C C {x;a'x < b} and D C {x;a'x > b}.

Example

a'x<b
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Mathematical analysis

Definition

@ Aset S C R"is closedif S contains the limit of every converging sequence of
points of S .

@ Aset S C R"is boundedif max {||x||; x € S} < bfor some b € R.

@ Aset S C R"is compactif every sequence of points of S contains a converging
subsequence with limit in S.

A set S C R" is compact if and only if S is closed and bounded.

If f: S — R is a continuous function on a compact set S C R”, then S contains a point
X maximizing f over S; that is, f(x) > f(y) for every y € S.

@ Infimum of aset S C Risinf(S) =max{beR; b < xVx € S}.

@ Supremum of aset SC Rissup(S) =min{beR; b> xVx € S}.
@ inf(#) = oo and sup(0) = —oo

@ inf(S) = —oo if S has no lower bound

4
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Hyperplane separation theorem

Theorem (strict version)

Let C, D C R" be non-empty, closed, convex and disjoint sets and C be bounded.
Then, there exists a hyperplane a"x = b which strictly separates C and D;
thatis C C {x;a'x < b} and D C {x;a'x > b}.

Proof (overview)

@ Find ¢ € C and d € D with minimal distance ||d — ¢||.

Letm=inf{||d —c||; c € C,d € D}.

For every n € N there exists ¢, € C and d, € D such that ||dn — ¢n|| < m+ 1E
Since C is compact, there exists a subsequence {cy, } -, converging to ¢ € C.

There exists z € R such that for every n € N the distance ||d, — ¢|| is at most z. @
Since the set DN {x € R"; ||x — ¢|| < z} is compact, the sequence {dkn}ff;1 has a

subsequence {d,, } >, converging to d € D.
O Observe that the distance ||d — ¢||is m. @

00000

@ The required hyperplane is a'x = bwherea=d —cand b = %
@ We prove that aT¢’ < aTc < b < a'd < a'd’ forevery ¢’ € Candd’ € D. ®
@ Since Cisconvex,y =c+ a(c’ —c) € Cforevery0 < a < 1.
© From the minimality of the distance ||d — c|| it follows that ||d — y||? > ||d — c||?.
@ Using an elementary operation, observe that 5 ||¢" — c|? +a'c > a'c
@ which holds for arbitrarily small « > 0, it follows that a’¢ > a'¢’ holds.
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;c,c’eCt=z

Q |ldn—cll < [ldn — cnl| + [|en — €] < m+ 1 + max{|[c" — |

Q [|[d—cl[<|d—d,|l+ ), — ¢l +le, — ¢l = m

© The inner two inequalities are obvious. We only prove the first inequality since the
last one is analogous.

o
d—yl? > |ld—¢l?
(d-—c—a(c—c)'(d-c—a(c'—¢)) > (d—c)'(d-c)
o?(c —c)' (¢ —c)-2a(d—-0)'(c —¢c) > 0
[C2TSW] 2 T T /
§|IC—CH +a'c > a'c
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Relations between Farkas lemma, duality and linear programming

Farkas lemma

The system Ax < b has a solution x € R” if and only if every non-negative y € R™ with
y'A = 0" satisfies y"b > 0.

Feasibility of a linear programming problem

Problem max {¢"x; Ax < b} is infeasible if and only if there exists a non-negative
combination y of inequalities Ax < b such that y™A =0 and y™b < 0.

Boundedness of a linear programming problem

@ If the problem max {¢"x; Ax < b} is bounded and feasible, then ¢ is a
non-negative combination y of rows of A, i.e. ¢" = y"A.

@ If ¢ is a non-negative combination y of rows of A, then the problem
max {¢'x; Ax < b} is bounded.

Farkas lemma also follows from duality

max {0"x; Ax < b} = min {bTy; Aly =0,y > 0}

4
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Minimal defining system of a polyhedron

Definition
P={xeR" Ax=>b', A’x <b"} is a minimal defining system of a polyherdon P if
@ no condition can be removed and

@ no inequality can be replaced by equality
without changing the polyhedron P.

Observation
Every polyhedron has a minimal defining system.

Let P={x e R"; Ax=b', A’x <b"} be a minimal defining system of a polyherdon
P.Let P" = {x € P; A’ ,x = bj'} for some row i of A”x < b". Then dim(P’) < dim(P).
O]
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@ There exists x € P\ P’. Observe that x is not an affine combination of P’. Hence,
dim(P’) + 1 = dim(P' U {x}) < dim(P).
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Minkowski-Weyl

Theorem (Minkowski-Weyl)

A set S C R" is a polytope if and only if there exists a finite set V C R” such that
S = conv(V).

lllustration

Ai,+X < by
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Minkowski-Weyl

Theorem (Minkowski-Weyl)

A set S C R" is a polytope if and only if there exists a finite set V C R” such that
S = conv(V).

Proof of the implication = (main steps) by induction on dim(S)
For dim(S) = 0 the size of Sis 1 and the statement holds. Assume that dim(S) > 0.
Q LetS={xeR" Ax=0>b', A’x <b"} be aminimal defining system.
Q LetS = {x€eS; A/, x=Dbj'} where jis arowof A”x < b".
© Since dim(S;) < dim(S), there exists a finite set V; C R” such that S; = conv(V;).
Q Let V =, Vi. We prove that conv(V) = S.
C Follows from V; C S; C S and convexity of S.
D Letx € S. Let L be a line containing x.
Sn Lis aline segment with end-vertices u and v.
There exists /,j € | such that AY u = b’ and A” v = bj’.
Since u € Sjand v € S;, points u and v are convex combinations of S; and S;, resp.
Since x is a also a convex combination of u and v, we have x € conv(S).
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Minkowski-Weyl

Theorem (Minkowski-Weyl)

A set S C R” is a polytope if and only if there exists a finite set V C R” such that
S = conv(V).

Lemma

A condition av < 3 is satisfied by all points v € V if and only if the condition is
satisfied by all points v € conv(V).

v
Corollary

{(Z); aTVS BV € V} = {(g), aTVS PALAS COI"IV(V)}

v

Lemma

Let C C R" be a closed and convex set and let Q; be the set of all (g) such that the
condition a"v < g is satisfied by all points v € C. Let x € R”. Then, x € C if and only
a'x < pforevery (3) € Q. ©

v
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: Trivial
: If {x} N C = 0, then by hyperplane separation theorem there exists a hyperplane
separating {x} and C: a'x > g and a"v < 3 for every v € C. Hence, (‘g) € Qq but

aTx < g fails.
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Minkowski-Weyl
Theorem (Minkowski-Weyl)

A set S C R” is a polytope if and only if there exists a finite set V C R” such that
S = conv(V).

v

Proof of the implication <= (main steps

o LetQ= {(g); @cR\BER,1<a<l,-1<B<1,av<pfWwe v}.
@ Observe that a"v < 8 means the same as (_"1)T(‘g) <o.
@ Since Q is a polytope, there exists a finite set W C R™" such that Q = conv(W).

e conv(V) = {x ER" a'X<BV() € W} since the following statements are
equivalent.
@ x e conv(V)

Q a'x < B V(%) € Q where Q; = {(g) a'v<BVve conv(V)}

o
B

Q a'™x<pVv
Q a'x<jgv

(3)

(3] aTxg,Bv()eogwhereozz{(‘;;);aTV§BWe V}
(3)
(3)

R R WR

€Q
ew
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(1) & (2) Lemma with C = conv(V).
(2) < (3) By Corollary, Qi = Qo.

(3) & (4) a and 8 in every condition a"v < 3 can be scaled so that -1 < a < 1
and —1 < 8 < 1 and the condition describe the same half-space.

(4) < (5) Lemma.

Jirka Fink Optimization methods



Convex hull of vertices of a polytope

Let P be a polytope and V its vertices. Then, x is a vertex of P if and only if
x ¢ conv(P \ {x}). Furthermore, P = conv(V).

Proof

@ Let W be an inclusion minimal set such that P = conv( V).

@ Let Ve ={x € P; x ¢ conv(P\ {x})}.

@ We provethat V C Vo C Vo C V.

@ V C Vg Letz e V be a vertex.
There exists a supporting hyperplane ¢"x = t such that PN {x; c'x = t} ={z}.
Since ¢"x < tforall x € P\ {z}, it follows that x € V.

@ Vo C Vy: Letz e Ve.
Since conv(P \ {z}) # P, it follows that z € V.
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Convex hull of vertices of a polytope

Let P be a polytope and V its vertices. Then, x is a vertex of P if and only if
x ¢ conv(P \ {x}). Furthermore, P = conv(V).

Let W, be an inclusion minimal set such that P = conv(V;). We prove that V, C V.
@ Letz € Vpand D =conv(W \ {z}).
© Minkovsky-Weil’'s theorem = V; is finite = D is compact.
© By the separation theorem we separate {z} and D: ¢"x < r < ¢"z for all x € D.
Q Lett=c"'z. We prove that A= {x; ¢'x = t} is a supporting hyperplane of P.
© Clearly,c"™x < rforevery x c Pandz € An P.
Q@ For a sake of contradiction, letz’ € An Pand z # Z'.
@ Letz' = apz + a1Xx1 + - - - + axXy be a convex combination of V.
© From z # Z' it follows that ap < 1 and WLOG o4 > 0.
© It holds that ay€™z = agt and a1€™x1 < aqt and aie™x; < ajtforalli=1,... k.
@ Hence, €'z’ = ao€"z + a1€"X1 + 1, i€™x; < aot + art + Yl , ait = .
@ This contradicts the assumption that z’ € A.
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Example: Maximal weighted perfect matching in a graph (V, E, w)

Integer linear program

max w'x subject to Ax = 1 and x € {0, 1} where A is the incidence matrix
Relaxed program: replace x € {0,1} by 0 < x <1
Matching polytope P = {x € Rf; Ax=1,0<x <1}

Bipartite graphs

If the graph is bipartite, then every vertex of P is a perfect matching.

If the graph is bipartite, every optimal basis solution is a perfect matching.

Non-bipartite graph

example)

(

For the triangle, (3, 3, 3) is a vertex of P (and the only point of P).
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e Integer linear programming
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Integer linear programming

Integer linear programming

Integer linear programming problem is an optimization problem to find x € Z" which
maximizes ¢'x and satisfies Ax < b where A € R™" and b € R™.

Mix integer linear programming
Some variables are integer and others are real.
Relaxed problem and solution

@ Given a (mix) integer linear programming problem, the corresponding relaxed
problem is the linear programming problem where all integral constraints x; € Z
are relaxed; that is, replaced by x; € R.

@ Relaxed solution is a feasible solution of the relaxed problem.

@ Optimal relaxed solution is the optimal feasible solution of the relaxed problem.

Let x* be an integral optimal solution and x” be a relaxed optimal solution. Then,
c'™x" > c"x*.
”
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Definition: Rational polyhedron

A polyhedron P is called rational if it is defined by a rational linear system
P = {x; Ax < b} where Ac Q"*"andbc Q™. ®

Observation

Every vertex of a rational polyhedron in the canonical form P = {x; Ax = b,x > 0} is
rational. @

|

|

Definition: Integral polyhedron

A rational polyhedron is called integral if every non-empty face contains an integral
point.

|

Observation

Let P be a rational polyhedron which has a vertex. Then, P is integral if and only if
every vertex of P is integral. ®

|

Theorem

A rational polytope P is integral if and only if for all integral vector ¢ the optimal value of
max {¢'x; x € P} is an integer.

4
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@ If Pis a rational polyherdon, then there exists an integral linear system
P={x; Ax <b'} where A" € Z™" and b € Z™ since we can multiply every row
of Ax < b so that the resulting system consists of integers.

© Every vertex of P is a basis feasible solution with a basis B and coordinates
xg = Ag'band x = 0. Since Ag is regular and rational, the inverse matrix Ag" is
also rational, so xg = Ag'b is rational.

© Since a vertex is an non-empty face, every vertex of an integral polyhedron must
be integral. Since P has a vertex, every face contains a vertex and this vertex
must be integral.
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Rational and integral polyhedrons

A rational polytope P is integral if and only if for all integral vector ¢ the optimal value of
max {¢'x; x € P} is an integer.

= Every vertex of P is integral, so optimal values are integrals. ©
< Let v be a vertex of P. We prove that v4 is an integer.
@ Let c be an integer vector such that v is the only optimal solution. @
@ We can scale the vector ¢ by a sufficiently large integer k so that v is also the optimal
vertex for objective vector (k¢ + e{) where e; = (1,0,...,0)T. ®
© Hence, cTv, (kc + ¢;)"v and vy = (k¢ + &;)"v — kcTv are integers.
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@ If a polytope is integral, then the face of all optimal solution contains an integral
point x*, so the dot product of x* and an integral vector ¢ is an integer.

@ Assume that P = {x; Ax < b} where A and b are integral. Let A'’x = b’ be the
subsystem of Ax < b which v satisfies all inequalities in equations. We sum up all
equations A'x = b’ into ex = d. We know that cx = d is a supporting hyperplane
for v.

© Choose a positive integer k to be at least max {

Sr—gts: U vertex of P}.
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Total unimodularity

@ How to recognise whether a polytope P = {x; Ax < b} is integral?
@ When P is integral for every integral vector b?

Proposition

Let A € R™™ be an integral and regular matrix. Then, A~'b is integral for every
integral vector b € R if and only if det(A) € {1,—1}.

< o Cramers rule: A]._I.1 = 1B ywhere B is a matrix obtained from A by replacing the i-th
column by e;.
e Hence, A~ is integral, so A~'b is integral for every integral b

4

A:} = A~ lg;is integral forevery i=1,...,m
@ Since Aand A~ are integral, also det(A) and det(A—") are both integers
From 1 = det(A) - det(A~") it follows that det(A) = det(A=') € {1, -1}
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Unimodular matrix

A full row rank matrix A is unimodular if A is integral and each basis of A has
determinant +1.

Theorem

Let A € R™*" be an integral full row rank matrix. Then, the polyhedron
P = {x; Ax = b,x > 0} is integral for every integral vector b if and only if A is
unimodular.

< e Letbbe an integral vector and let x” be a vertex of P
o Columns of A corresponding to non-zero components of x’ are linearly independent
and we extend these columns into a basis Ag
e Hence, x; = A§1b is integral and xj, = 0

= @ We prove that A§1 v is integral for every base B and integral vector v
@ Let y be integral vector such that y + AE1 v>0
© Letb = Ag(y + Az'v) = Agy + v which is integral
Q letzg=y+B'vandzy =0
© From Az = Ag(y + B~'v) = band z > 0, it follows that z € P and z is a vertex of P
Q Hence, Aj'v = zg — y is integral

y
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Totally unimodular matrix

Definition

A matrix is totally unimodular if all of its square submatrices have determinant 0, 1 or
—1.

Prove that every element of a totally unimodular matrix is 0, 1 or —1.
Find a matrix A € {0,1, —1}™*" which is not totally unimodular.

Prove that A is totally unimodular if and only if (A|/) is unimodular.
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Totally unimodular matrix

Theorem: Hoffman-Kruskal

Let A€ Z™" and P = {x; Ax < b,x > 0}. The polyhedron P is integral for every
integral b if and only if A is totally unimodular.

Adding slack variables, we observe that the following statements are equivalent.
Q@ {x; Ax < b,x >0} is integral for every integral b
Q {x; (All)z = b,z > 0} is integral for every integral b
© (A|/) is unimodular
©Q Ais totally unimodular
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Totally unimodular matrix: Application

Observation

Let A be a matrix of 0, 1 and —1 where every column has at most one +1 and at most
one —1. Then, A s totally unimodular.

Proof
By the induction on k prove that every k x k submatrix N has determinant 0, +1 or —1
k =1 Trivial
k>1 @ If N has a column with at most one non-zero element, then we
expand this column and use induction

@ If N has exactly one +1 and —1 in every column, then the sum of
all rows is 0, so N is singular

| \

The incidence matrix of an oriented graph is totally unimodular.

Observation: Other totally unimodular (TU) matrices
AisTU iff ATisTU iff (A)isTU iff (AJA)isTU iff (A —A)isTU
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Network flow
Definition: Network flow

Let G = (V, E) be an oriented graph with non-negative capacities of edges ¢ € RE. A
network flow in G is a vector f € RE such that

Conservation: > g fuw =
Capacity: 0<f<c

The network flow problem is the optimization problem of finding a flow f in G that
maximize fis on a given edge ts € E.

The polytope of network flow is integral for every integral c.

Proof

wee Tw for every vertex v € V

@ Let Abe the incidence matrix of G
@ Ais totally unimodular
© (Al — A) and (A| — A|/) are totally unimodular

A 0
o {f; (—A) f< (O) > 0} is an integral polytope
/ c
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Duality of the network flow problem

Primal: Network flow
Maximize f;s subjectto Af =0, f < candf > 0.

Primal dual

Minimize cz subject to ATy + 2z > e (thatis —y, + ¥, +2uw > e) andz > 0. @

Observation
Dual problem has an integral optimal solution.

Complementary slackness

@ fu, = Ccu or Z,, = 0 for every edge uv @
@ fuu=0o0r—-y,+y,+2zuw = 0 for every edge uv # ts
o fs=00r—y,+y,+2s=10

Every feasible solution defines a cut where Z = {uv € E; z,, > 0} are cut edges and
U={ueV;y,>y,}is partition of vertices. Moreover, the minimal cut equals the
maximal flow. ®

y
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@ Observe that if (y, z) is a feasible solution to the dual problem, then (y + «, z) is a
feasible solution for every o € R, so we can assume that y, = 1.

Q If css is sufficiently large, then fis < s in every feasible solution, so z;s = 0.

© Since zis = 0, we have y, > y, + 1. If the graph has a non-trivial flow, then
Vs > 0,80y, =y, +1=1.

@ For every edge uv withu ¢ Uand v € U, we have z,w > ¥, —y, > 0,souv € Z.
Furthermore, if f and (y, z) are optimal solutions, then the complementarity
slackness implies that for every uv € Z it holds that f,, = ¢, and for every edge
uvwithu e Uand v ¢ Uitholds that —y, +y, +Zw > -y, +¥;+0 > 0, so the
complementary slackness implies that f,, = 0.
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Gomory-Chvatal cutting plane: Example

Interger linear programming problem

Maximize
subject to 2x1  + 3x2 < 27
22Xy — 2x» < 7
—2X4 — B6x, < -1
—6x1 + 8xp < 21
X1,X2 €7

Relaxed problem

Optimal relaxed solution is (2 6)

Cutting plane 1

The last inequality —3x1 + 4x2 < 2
Every feasible x € 7 satisfies —3xy + 4x» < 10

Cutting plane 2

Cutting plane 1 —6x1 + 8xx <

The first inequality 6x: + 9 < 81
Sum 17x, < 101
Every feasible x € 72 satisfies Xo < 5

4
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Gomory-Chvatal cutting plane proof

System of inequalities
Consider a system P = {x; Ax < b} with n variables and m inequalities.

Definition: Gomory-Chvatal cutting plane
@ Consider a non-negative linear combination of inequalities y € R”
o Letc=y"Aand d =y"b
@ Every point x ¢ P satifies ¢"'x < d
@ Furthermore, if ¢ is integral, every integral point x satisfies ¢'x < |d|
@ The inequality ¢"x < |d|] is called a Gomory-Chvatal cutting plane

Definition: Gomory-Chvatal cutting plane proof

A cutting plane proof of an inequality w'x < t is a sequence of inequalities

an. kX < bmix Where k = 1,..., M such that
@ foreach k = 1,..., M the inequality a,, X < bm« is a cutting plane derived from
the system a'x < b;fori=1,...,m+k —1and

@ w'x < tis the last inequality ay,, yX < bmim.
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Gomory-Chvatal cutting plane: Theorems

Theorem: Existence of a cutting plane proof for every valid inequality

Let P = {x; Ax < b} be a rational polytope and let w'x < t be an inequality with w"
intergal satisfied by all integral vectors in P. Then there exists a cutting plane proof of
w'x < t' from Ax < b for some t' < t.

Theorem: Cutting plane proof for 0"x < —1 in polytopes without integral point

Let P = {x; Ax < b} be a rational polytope that contains no integral point. Then there
exists a cutting plane proof of 0"x < —1 from Ax < b.
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Branch and bound

Consider a mix integer linear programming problem
max {x € R"; Ax < b, x; € Z for all i € I} where I is a set of integral variables.

@ Let x” be the optimal relaxed solution.
o If x{ € Zforalli € I, then x" is an optimal solution.
@ Otherwise, choose j € / with x] ¢ Z and recursively solve two subproblems
° max{xeR”; Ax < b, x; < LXI’J ,x,eZ,iel}and
° max{xeR”; Ax < b, x; > [xﬂ ,x,eZ,iel}.
@ The optimal solution of the original problem is the better one of subproblems.

Let X’ be an integral feasible solution and x” be an optimal relaxed solution of a
subproblem. If ¢"x’ > ¢"x", then the subproblem does not contain better integral
feasible solution than x’.

If the polyhedron {x € R"; Ax < b} is bounded, then the Brand and bound algorithm
finds an optimal solution of the mix integer linear programming problem.
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e Vertex Cover
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Minimum vertex cover problem

Definition
A vertex cover in a graph G = (V, E) is a set of vertices S such that every edge of E
has at least one end vertex in S. Finding a minimal-size vertex cover is the minimum

vertex cover problem.

Integer linear programming formulation

Minimize >, ., Xy
subjectto x,+x,>1 foralluv e E
x, €{0,1} forallveV

Relaxed problem

Minimize > ., Xy
subjectto x,+x,>1 foralluv e E
0<x, <1 forallveV
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Approximation algorithm for vertex cover problem

@ Let x* the optimal relaxed solution
o LetSp={veV,xi>1}

Observation
S.p is a vertex cover.

Let Sopr be the minimal vertex cover. Then % <2

v

@ Since x* is the optimal relaxed solution, »_ ., Xy < [Soer|
@ From the rounding rule, it follows that |S;p| < szevx;
@ Hence, [Sip| <237 o\ Xy < 2[Sopr|

V.
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Maximum independent set problem

Definition

An independent set in a graph G = (V, E) is a set of vertices S such that every edge of
E has at most one end vertex in S. Finding a maximal-size independent is the maximal
independent problem.

Integer linear programming formulation

Maximize >, ., Xy
subjectto x,+x, <1 foralluv e E
x, €{0,1} forallveV

Relaxed problem

Maximize > ., Xy
subjectto x,+x, <1 foralluv e E
0<x, <1 forallveV
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Maximum independent set problem

Relaxed solution

The relaxed solution x, = J for all v € V is feasible, so the optimal relaxed solution is
at least 7.

Optimal integer solution
The maximal independent set of a complete graph K, is a single vertex.

In general, an optimal integer solution can be far from an optimal relaxed solution and
cannot be obtained by a simple rounding.

Inapproximability of the minimmum independent set problem

Unless P = NP, for every C there is no polynomial-time approximation algorithm for
the maximum independent set with the approximation error at most C.

Jirka Fink Optimization methods 109



0 Matching
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